











• •&** * 

1 1 J * 


l&Sbl 


'is 


otfiJ J-o 

H. S. M. COXETER 

Toronto ol^'U 

S. L. GREITZER 

Rutgers olS~;b 

R. MARCH AND ■ ji ohj? 


I Awl ji jl <jI 5 ji 


wA*s£ 


Coxeter, Harold Scott Macdonald. _ ^ \ •'Y ,jJU ^ Sj> o&J jJjjU ^/ 

*t-SU jJjjUj <jUJy» <jLA*a J Ob-J^Lr^ dZ^jl ■ C*s-bwjb j 

. \X9X <A^v: o\j£ - .^l>ua» !j ~>jli A; jl ,jU j> j t s [ j'ji^ (J*^.L, 

-jy~: -u^ Yr ° 

T.S.B.N: 964-353-337-9. 

.(jLiil jl (ji- u-ij^ jf*) Ui oU!^l j, jf# 

Geometry revisited. : JL»I ys. 

. \ Y* K? : k_>L>. 

o ^. y>-y* i^yLawx* .o .Greitzer, Samuel! . . <_ji!). jjA mXa 


QA TVr/Jlu T 


J ^Lijl 4 jji> <b^S^A Owv»l J b 4 ^ y>r-A ^ a JjJl y>- 

(J^woj!) jlSsj|»Uj (jo^> jl ^j-U oljLJLiil <^ 1 *k_jL^ L ^bS" ji lj ij^>- il^icLo 

4 j!jI 'i \ <3ijb j' b madreseh@madresehpublications.com 

( _ g . x. jj ~ * j o LSv — j 1 _ i — j ^_ Lj jl lj L* l —a I _*_ S J. i. j1 j_i ■ * •>■ jt_ * . ■ t - *1 ^ * 

U 4 OUj b juao j c~j www.madresehpublications.com 

. JyS C-^bji lj jlaj 2>jj* t—«b5 U ^*jV 



Vjjkjtpl ^gjjjAjotijj 3 (j£utg jJQlojluj 
U"J 9 ^ 9 lAJ^ j 9 


6 ouuAl & CjJ>Lujj jU g ^5 jgaTjL 
^jO •J .i n o QjJuajJtAaC t^jjuj jli Ck-i6qilu1 j9 JIqIAjS 

^jjl i'i mj I i_S j » 7 iy&: I j 16 oa to 
^5^&Ud^I^ ^b,\iai»l :pUwj 
U"A? :px*Aj-tuj J:,Jgl 

6>iuuj Pooo i_jl» jl jjJ/ ^ooo :pAAjlg^ 13^9^ V^? 

Ouw jXo Ooliul? : jl ^LxhO g «_>b» i^l^SgjLj 
CjluiI Bgostjo l_jL> 

w-r 6 r-n"Y -5 

ISBN 964-353-337-9 


6jLojjj ti,, libCjit io? -bgxLP.o , \ i. g . w t Ajj (jlimjjS j3 Aj^jjuu qLiL«3 jqj : ^Luu 

AA^o^Ao^^uwSls^^jujgjjgA AAAo°t"l , l c -^ : o 41 j 





lip f 154, 


lO^I j! jl £_j U j.1p AiUli jjjsljjj A*** jt 3 3 oJ^k^yas^l ^ U jiO-O jSs^a 

y ji !j 4 ;*ij ^Ip 4+£jj& 4j 1 ?^^ <£ US'j Ia<uL*^j aS”* 

.JJt, jj ^wx<«^ g 3^c£US' j i^JjULljl 4*^J olj _>1 l-&i^.*S'^4 |^*_9 J .-Ua^L 4*0 ti 

y oJ^Ap c JjjlijL/ ^A&Ai jJLi jl jj* I jl 0 ^ jt{^3 jl jU^jj-* I 

a:-JI i a;*.* j jT jsjzmj A; ?j a <£ aS*c**-I fjV -v/j^/l ^ aS'a^; 14^ jl; i aJ^U-I fjjl 
Ax 4 ; t ^-j^l t^jiJA^U^j cr A ^ jUjU t j^ljl .x*iU 

. 0-^1 oili jlj^ 5 < 5 1*4-1 ;ji a\*.>-j\ !j 1*4j^£j 

L t^^oi 4? US'_? cj?ji-^A* Uj AxC. \ 

^ljL:>-(ji jH:/f I Ip- «-_jbS^ a^.5-jJ j Uj LoiS^t/jj ^Airi 

4 ; I j\ (Jf 3 1;«**4 45'4*»j JJJS, 1 **i IJ P“^'* O*-**’! (J>J3j A ** 7 '’U^""(j'“ 4 *<^l , * > -)l_ ( ;3 <jl-jL*) 

4 ;I jl ^JJ.S'^a aS^^j Ua1^ j\ o-^l c^Ia— £j*.>*a 3 e-Ui; o»A*/4siS*^**< ji (jjl^hS^j^ 

s-U;j! (_$l^4 '"jlS'j 0>^I 4**ili ij>* A; Ij 4**»-\I£i4j jltaU^Aijlp 02J 4^"^* 

^^J^fC^IjO jO-Aj | J I^UK’t-J [S’ a5\j I (_$ 4 i (ji tXi b J-4-j I o U jl*« 

J.x£ l; ijj* 4*jJ.:*Ji <_£j A-^C-3 J? jl j* )}»£■ t 5 ^l jU>-l Ji 

aS' tj I j> f3V IS* jijjslJ a a >* j>{y* <3:^ <^* 0 ^ jl ^0^3 t^lsl ,o^l,j9 

W 1 US'^jJ | J Li*J IJ 4>».:>- JI jS* J 4ip I ^ vO*^ I 6^*4 t__>l*^ jj*' 4 - 1 3^ 

:ca-^I 6^1 i jl (j^^ - 

so j>-ji ^lojl; ^ U^jwJ 4 ^Iaa5!; 4 a^ j>o> l*-i> j If j t^j^ijlf 

*^lj^ (jil ^1 *j 4 ‘^^ # (_s'* 

^1 IajKa] to iAsxla***^ AahJ.*A Ji 41 $Ci O^/* il-^p| jiliO*l l>-i — \ 

^Ja».p jjjl .(.Ox*,I ©ili ^L>t/I ajjIjj Ja^cjU djl^ji A^/ljJ ( > 2 ' a l■ , * jl^s^lu A-5"* 

jf IJ & (j I ji 4 ;Tji J5sO ^.4 U jl j -U i coUS" I j 4 :» Aj ^_>-1 j (j 4^^ 



•UvUA £*> Ui j l) J \£jj* 1 j l> 


9 


J.j CjJjEj «Y J+ A jG G* dJ^! «P i Juilj ABC <»-“C A>t0^j I ^IaIm/ p 

.<Z+*»\j\Jji 

S(PAB)+S(PBC) + S(PCA)==S(ABC); 

<_$ La Aka/ _„Y 

v_5! j>*,i I 

jl y>^A <U 2 «*j (ji-b tS'tjA} ^jS^x* ^aLs o\yp As £»kU* <Jaj^* 7 —f 

.ib (ji I j o^te 

(JUv«J3 I JJ L.*a s-jUT jalja aTo-^I u-?W wS-Ij Ui 

<J kijxlj oJui ^i0J U ! jG-*.i i; ^ v b Go- ^UAlaS/ J^sji iaiij fijsUfi ■ tg j»^*l J 5 

4$*^.J k-jj q5 jUS jJbii ,C— 41 1 a-Ci 4>kb? Ji 4ksj J l^>- ^jjlj-J O 1 

At j\j \Z****> jty *T C-**f ^"-2-’ G v--* 5 ^ J*-* >4 i I 4 ,3jb 

Ul aJ.Jj^* .k^A^A-23 j! As o jj 1*5 ! UjJLj^Ij L»«* a IS" 4 -jUS’"' aSG ! l> 

jS j} AS'^J^^xijpJ l«£>- ~Uj l« 0-^1 oGl J$jl 4^-UA oj J* A ^UAaW^j! 

. .5 -*•■.*«£.<" y\ J A > J$\s 2 jht*J$ aI^J 4 ijizijA 

jt «jkG AS" - jG*A c*«**j ^U^Aj a^b As Aka/ ^ : ki ^jy.” Jj Juj _*f 

^Ijf Jaw aST^&kj'I ^ G* 4; As 5 jJs^AjJ J^a ^Lgjtka-O ks^Ja J* G a jib 

.0*“} 0*a> ajj b 

^U4**23 jLaaIj' C-:«j L.j air jTj eiU ^t$/ L.fcjj JjXj 

L^j I As wjUS*" 4^i^> J.l>- A»S^e^ 5 >s 2 J J 45 Aj ... J ^j^ts t» ji cJISkA 

.C—>< I a^.-i I 

_s 4>- j^s c , -J l ^-5 >Aj ! ji I A*n,XL a J$ a-Uj !_*!>- ~k^ CU»A*'Jf 4> t—jllS""4^) Ik^ 4 J Ij 

IaJ AJ^ d«»AA*! a«A.'5 S ^jJ t Aj >Aj l"** 5 a«A**> ^ Ij j 4 Wtrf c ' v “’ ^ i j**} 

• (('Aj J k>j I 4-^-UA Aj !j tjl^k^* jSj A$^»Aj ! 4«»i I^^Isj Ji Ja^s w^jUS"*4*^**; 

I _**&_jU } 4 J U _) Aj 4»pJ lrtS°°^J ! 4 ^’’T Aj Uj 

GEOMETRY REVISITED 

*•. 

0 4>4*a*& JiA J^J I j 4 £**+*£%$ JJ l i 

Random House, Inc. New York 

I Ji Aj A*->- Jl , ] e*A^ ({ »Aj»A»> i«k> k J Aj Issj )) 4.514* t5 

:j!^ p- aj u^kT 



Y 


4 «v\AC 


Redecouvrons la Geometric 

• Ok** 1 1 o«Ao ■) ^^^^ DUNOD I Av*,*m^a j\ 

4.^1 A^jiJ Ali JZ fl>Jl jlLu/I^S A^>-(— 

.C^j OtA-i 4 —<4.0^4 ^ i^ypbj 4l>e^ J2 ljfi)4j lila Aj <j I 

<U.AJ £ ^U>4l«Jo <jl j A&iwU*! 

c*iL»j <—j kS^j I j I oiU**olj 4*5 lk*ji c .AiSjUJ 4-*J^ajj Sj*’ ^ ^”*0^* 1 

. 4**2’1 2 J?[>- 


l^>4i lit) Urj ^jjaI^IsSj J*1 





\r 



*iiU 4) 4*«,»fj J U»4w) j&i 

\9 

jy U — ^^ 

\ Y 

1 ^**'Olj —.Y« \ 

\^ 

pi* ^UaU; _r. ^ 

rr 

J ^UojilA -f.\ 

Y 9 

^.oJ —j'aw' i 4**£d _^ ^ 

ro 

eJK* _f-.\ 

rr 

^jjlJa>-j (£ !a;La £j*.« —Y*\ 

rr 

4kS/ 4> S^iij> — A* \ 

r? 

& j+* —v \ 

f\ 

ft j y. -r J^I 

v > 

4j O*—/ <daA>* 0^9 —\ • Y 

rf 

o^jb —Y • Y 

Y<\ 

Ua^b 41*0 -r-Y 

a ° 

vi.iio^pU’jl ^ l^plirjl SjIjjj *u* 7 —f-Y 


-k?“ — ii • Y 


jT p-*** J ^4 ; si3 — f'-Y 

m 

,k>* ajli Ji 4^.*» —Y*Y 


a;ijjj ***** —A«Y 

f r 

J Jy 4-^23 —4-Y 



jb J (Cj>c 1 


Vo 


f V 
f Y 
YY 
Y V 
A<S 
AY 


o j Uaa J c*©lii;u>f £by -X 

(J jlj 4 ; *i>S s Utii’ jl^>- ,f 

lx* ^STL^aI ji _zil>s.-« IaaO^jS" jl*j.>- _Y*r 

oyi> 1/ cJt« _r«r 
u-y^ v** -Y-r 

^._*i li. aaOs •V' 


V Y 


itf ji3i 4.^3 s' jL^a <_$Uii\* —f .r 


va 

Vf 

\ o o 


i^u -y.r 
jix-u 4*ui „A-r 

u~ ;l O* M 5 —^ -Y 


\ o Y 
t o£ 
\ oV 

\ t t 
t t r 
'\ \9 
\ Y Y 
\ Y Y 

\ r° 
\ rr 

t rr 
\ rv 
m 
\ rr 
\ rv 

U^o 

ur 
> ^Y 
\9\ 


JU:;l _\ .f 
ohj> -Y. Y 
r ./ w-r.Y 

j ji>* « dL 4j Ca*-~/ 6 J li? — Y * Y 

yi^u a1 ^ -o.f 

AS {*».■*j 4.*** • r 

^/Uj _y-Y 
4,Uv _a.y 
fj ly^Ul:yr __a .Y 

^UwUSbb j l;*T -o jjiw 


j O 1 J.>- (jj (.A aIsu!? ^ 

l^Zir- 

-to 

3u-*aU 


-to 

uT‘ 

l£*; t 

-ro 

4>-_iv2 J3 ^ 

iCl 

~YO 

p.A .} !.*£• c5l*i v ‘i^ 

-oo 

c lf /V 

4^-03 

-ro 


41*0 

—YO 

l>•**> 1 i_j1 

^.;! 

-AO 

^ y y 3 a ^ 

o^ir 

-VO 




u 

C^jA9 

\py 

\£jl j*a) *4*MP> Ij ^UaT 


ls?^^ -VP 

wr 

v^li^ dl> ^3*}* o jj. 1 i — Y • P 

\YCs 

^Ijh* tS^fkA* —Y-P 

\YA 

^U ^l^k^- j 4 ; J'€ — y. p 

S A \ 

^ jJ^uzJ 4>*k*0 — &-P 

SAT 

jli ^3j>** <£ 4 *kZ/» —p.p 

\ AY 

c£^^ jij^> J tji U; jij-aZ — Y-P 

nr 

^<o.) j>- j t^A> L^O 

r r ^ 

^3 U<iJ f C^M/ ^9 





Ji aJ ^ ( j^sAd&\ 9 4*i*A'+&> I'SfS 

£}&:* ^l^JJ^f jl £*Z?jl 

jij*9 .\Lf .& 

J j >-J JJ> js Jafl9 (^ij'*l SU>tl«C->VL l Ji) <i]a.**jlA 0*^av 2>J ojJi J^ 

ol^If j)) ^-J^il .o-ni ^7 UJiv4 UL»-lj A>tl2*v^ J*U A^ijb 

If j A_5^C^I 1^*7 (ji^ c aIs-u'^I* Cj V ^a-j 2.3» 1 7 J_ai» Ji .i jb ^l> ((^Ji JL*) 

0> ; *9 jjil ^vilij AijwUl b j ja i^/b ^l^f Ji Ojbjfe'j^.**) A->-UA ^r-Ji 

j^ljl.5j*5"ly Ij^J Ip j ^ j.+xa j*>- Uoa4^a>. j_>>■-? 
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:»A;*5"ojI* cJi* j& A ji b ji^ 4k»lj 


S(ABC)=4- 
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(j*u 4**29 1 

-WaL ms" Jv?j ol<^J £-.Uj>jl t^bLS; 4j Ij ^Ij tS'hsi’jA 

lj BC O^. <j3j) BC £-bs>jl ^Ulaiij X I o^^U 
4 AX (^l^la^jl <£li6 xiij AB 2 -? CA £-b?jl (jUW Y 

H^35, oV^Sbj-i*^.* 1^‘Tjl ^jlASbU .0*^1 J'V- Ja>- Aj CZ -5 BY 

Ob b jiJ jL~»; 4-^al \ ^YA Jb jlf yiUbl jl-\*^bj 

:o-^l 4^I i 

4kSi >1 CZ 5 5F V y4A ^ ^ ^45C i-U* 5i -A<r<1 


1 . Jean de Ceva. 
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BX CY AZ 


XC YA ZB 

c JUilijilji iS^C- Uj jl jb UJb'iijS'l 4S* }U 4^5 oUt 

a : (j-j 1 U jj l^/T^ 



:JLjT^ c.~^; VIj ^UaLjIj ^ A \j^ ^ 

BX CY # AZ S(ABP) ^ S(BCP) . S(CAP)__^ 

XC YA * ZB S(CAP) * S(ABP) * S(BCP) 


<k*±a,i , v**5vP 

CZ 3 BY v AX ^ ^r\ ABC » ,J\ -MM V* 


!i oUj w-v^I j; 1 ' ‘'•c** 23 jj-** 
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BX CY AZ 


XC YA ZB 

. Al>)\sU* ^ Ci)y£« 

j! JLib BY ^ AX f ^'A P pacts'* <~^V 
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BX CY AZ' 


XC YA Z'B 


: X ' C5 1 * lT’A 


JLj ,y? .9 4kj IJ If 4kf t J ,V 1. 4«i 1*0) 






UU> J US4i?e} 


A P jlj*» CZ 


,xlk* Z ; -? Z 


. JU> J Ua^ Aj L,« <Uj Ji A$" wL^ C-J b _ ^ 

.Ju jljw> j* ^Uj jI a-*> 1; _Y 

b J^j Aj jJa! I^J I l^*C? a S' -U; ll>- J ABC J } . C- ^ C-Cji -A 

.•UjjUi* CC' J BB' -? AA' 'kz 31 aS - ” c*i b 1 .wU jij/i 
jBX c 54 j >-? p AX 15 ?^ ^ ABC olf-jA -f 

A n j m k j’Jji Vi T y A XC 

: aS"JL irO j b . J,j> L 

/ \\ a(p x +mn) = b x m+c x n 

/ \ \ JABX^*^Jj-^U:ft»\) 

/ \ Aj j| j 3$i£ AXC 

/ \ '_.-,>- O X (j^ ^ A i 

^ J \p p-^b J 

/ \ \ Js^U- A.ia.p)(j I 

/ V \ oiV \ j J A*^al ^{1 A5** 

j \ AU-iI^ jU j JC 

n j m \ n \^ jl * ut 1 ^ A'U;=-I a.^2 jP U 

U ^^ — ^C * 

X roo ju ;j Ja~- y 

(V J^) jb j j\ 

. I 0*bJ< d-J b \ Y ^ \ J ^ •*»*.&.** Ja.^ A 


^3* ^LUkiij _?A 

^s^j Aj AfpJjUl; Ui < Jjb Aki; (5ibj }\Jw 0^0* cSC* 

a^w-oUu^U- A5bd^ I j I j 4 £-~^ a p$ A ^UaLajjI .^SVaS I C t jl 

Stewart -) 

(S^i> cfUejldj! l> AfaijU o^-.r^ijir o isj) £>j\yz#\ *Lbj I y* *&&* -t' 
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jA (3 £ ^i» a) I tf. \ ) (3 ^”^ U»j ^- 4 OlA- 4 ^ 4_Ja<^al* 2 

‘OA' -? ABC d - 4 (J^t>* A 
/^f\\^ >V ^C - 7 4 -< OC' ‘OB' 

/ \\ \ CA^ BC <AB 

V ^ \ \ S^>fi £g U-J .J^JA^.* 

I •^-J^LS'* d ^G (jC* ij 



L£ J 'j^ 


Ja_>- cA* 4 / L 


^_1^=> Ja^>j 4 —j Ij jj-^1 J 4_<r1 

A^> i * A aiS " ^ i jJ J J 

( U ‘M)J^ Ji • iJii A/C 

-? BB' 6 AA ; < B siO vJ td*k>- 


Mi t r .> J£-) 


BA'=A'C , AC'=C'B ^'i c-iCA; -gM;^ ABC^tsU^C CC/ 

^ • CB' = B'A •* 

/ / \ : **~>J 


BA' , CB' _ AC' 

A'C * B'A * C'B ~' 

4^J i I 4^v23 ^w.5\P A_J C 

. Ju.i b ^-* V—viA* Aj C 

cA* a; C a**» «»-> j Ur aLa>‘ 

G ^. J ^j'**-* J jl j a 
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t_»>_) Uj ^ Q j+t t CC*5’“ 1 CO>* l>tv^ b ji 6 IS" i Obw 

a*5v? ^./oo^ 41 iJ j* ji G AJa2j ji ij i cIaA*-* i dC/1 G lo o' ojIaA; C 

, 0 /U *U|^>- ^5b JjU; jU-Oi 

<■ -uGU GA'C j GBA' >G;3l; G (v ‘ r.\) J 5 ^ 

C« .oA lij*~* l-^J I ^Ul J1 3 •Aj j{ fji j*A U Igjl jl A C 3 BA ^U>fl*A^U 0-*^ 

x 4 (jid 


S(GBA') = S(GA'C) = x 
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<£.~J f J ijlgla*. J U>dLriu 


S(GCB') = S(CB'A)=y 
S(GAC') = S(GC' B) = z 




Yy+z = z + Yx => x = y : c xJiljwjy CC'B J CAC' oGji Ul 
-* y —z A ^r j -GiG j*j AA'C ^ ABA' a^Iji 

: x —y=Z 

^SfcVi y^J^Vs.* ^ \i ij \ sC-kG* ^£*3^ 

Ji GAB C-»- G/o p.i-.iS" 4.^j ! ji Lj ‘ j»i*S '{j* <J G‘i f J ( | ~7 J s V- \ J j.j 

1 Jif j+~~a 2 I j jaG ji C—Gji ^1 El .o^l GBA' c^-C« jt 
* j*i J B ^aa>».<*,A ^\.G ~— V GA. • ( - 5 4, *d | jf f Aj i^/ I (_£ tAoJp in 

:^i^u f c CG-yGC' J BG-rGB' 
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O-U* ^VAAiCfc jSaa vLx)\.*& *» • i 

• > .!»»»*\ ^-3^ Bji \ )\ 

6 BCtf W*^jf vFy ^ * r G CF j BE ‘AD Jh^ ABC ^ Ji 

c y* • \^ od <s^ 4^Gji ij.-»p AB -? CA 

BD = c cosB , DC = b.cosC 

CE^a-cosC , EA = c-cosA 

AF —b cosA , FB = a-cosB 

•*i _jj'cS’ 4 4s*Jo IaaLj | J jjJ I ji 

BD CE AF _ 

DC ‘ EA * FB ' 

; AD j.*Aw 2S (j^^ p ^ E-> 

: .^jG CF J BE 
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FI I J O t J i O'”^-*- 4 ^ O I i«^»*i'»‘ 4 IjJJ jl a!2Aj 

c lj ^ 1 ^.p G j I ^ Ia Ij (^**1 ^• v ° IJ -^* fj DEF .jAAi^g* 4 <j Iaa* 1 

.(v«r.\ jS^-t) aiAt;^ ABC sS t ' i *^ 
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slA^Ajk ^VfcAi^N) -6<r-i 

J yZ ja A: jCj r ^ 1 j o-^* £_io a^j jl tib^A l; J aL?U 

oA* ^ioVst* I J 6 jt I i •O— 1 1 oil* £-lo A **»j> p ^1*-1 AjJ 

^1 x^Aj OjJ C «AJ>b A>- ^lll*jl A; JI J Af Judlf Of ^ — \ 
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Ul vi-li* jlX-lb j\\j{ |».aU ^ill* jl ^UjjI Ji \ aS'C^Oj b _f 

a_S" jur oj b (Y'-YM ) a*^ jl ^ I j*> a : ^ 23 jl oiU:^IL — & 

.*Aj^U*,* wil* ^UajjI j ^UjU^A/ 

< ji < 54 * 4 ^ Aaju/i 4 c -? b 4 a v*~>-ij ii.ii* ,jLaA)‘L* Jji? wf- 

« Jj JJ 1 0-**>^A; 

.JUfCaUol (y-\ jl Y Jd^- 7 ) ^j!^I Akljjl \ ^A^aA) 

4 ABC cA:*jl A A^lj jl w*a) t AL J^jja$" c*! b - v 

! Ij Owj I ji I j{ 

te ['-(bT- c )'] 

.(o^f A, J | jj I pj U oil* Jil) JU-lL^ AjfjY' Use j! -U* I A; 4*^ ^lll^ji - A 

. JLlS^ U Ima>- I J «ii** I J j AaJ 1$ Aj } I J J Ia*.a»-AJ J ^Js? 

JiaS jJ? y& l>- b t j) I j> ^y&[>- <JL*^*AjAJ3 AS" '\~y Of b — \ 

,j&2 £_i*s> jJ& ^^ 7 jl J jbjz ij^hr* 4 S^ib 

CAii»o (^ r> ^ ^^bs-c ^|PA 

ZjYjX ^UaU- ji ABC < ym) J<iji 

-b*p-^j L>l®^;iBjd ALai j! AA^U-* Ji .0-^1 AB -J CA 4 BC 
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; ^ .J ii J> I Ji jU 

AY-AZ-x 

BZ = BX = y j cx^cy^z 

0 j>- j 

y+z-^a , z + x = b, 
x+y —c 

O- ^ <S C* j ^ <4- - J^ 2 * I aS*" 

*- 2 ^AAIsjIj 


:o-ita p**\j>-j 

^c,3) ^sL\i <x.S (. 0.1** -\if.\ %yaS 

\ 5^3) ^l»p l&AStt* vj>ai 

x = s*— a -> y^s — b j z=s—c 
IAB ^ ICA -> IBC tflifk* < ^ji's. ABC *U^ c^L.* 

.c—<l cj j b c a "-r:C r4 - W ; *^ (^^oJLpU j c~«i r 3i ^ 

ilj $jZ>jAji ABC ‘AB * 4 \z*> , \"** <jiC* C 

A=y (a+b+c)r=sr 

ojL 0 Aj 

g-y* >> W** V ^ J* ^C* V** 

• 0 \ ^i&W* 

I j I a I b I c dJi. tABC ^ 31 CiBM 

Jj j! c^a"I £.51J B ajjSj j* oy^ I a aIsa/ .(^ t J^C) w *~ A °cs'* J:^~* ; 

,5 j ] o.<^ I I j (B Ajjlj 0 ^>-j t aJUU Aj BA -J BC 

3 £-»*> I a 1 ^> U iiL Ai AC 3 AB J I a .o-^' aL^> U dj aj C3A ^ CB 

3 o*»l <jbU> Ai IJL» p5C?-jJ ] c 3 J b ^1 ^ . ;jb j ] J A AjjO 
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(J)l , f.> JCA) 

Yx4-.Yy+rz=a + b+c = Ys 
x + y+z=s 
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<>5\) Vi N ^!i.)\.5i. Sj>3\> v£\&)V*M>*> sl*-\U jA -r*f-i 

.^.iAiilft >Sii 

J J a jf y*J S^l.5 jli; p a lj 4*01 lj I a ^-msU 

^Vi jil -c—I ^L* AC j AB £-CO:> j BC j» r a 

4*** ABC -*C* . * ^•«ABC *■—*C ji ci \,5 ^ s, ^ &&a 

l j 4, l^T^L^Ui j Ic j I b j I a Ifn^UjS"j* ^wb y>->l> Sjib 

U 4-> j w l>-li (JpU^* o^.fi «ili uLs* r c K b ^ r a 

• *«Va#* lj ^^fcl*** t^6<^ 0 1 2 2 J 

^ ji I BZb -* BX b t/'CoJi 45 Cu.» 4>-^J1jj(i_j ( f.\) j£-^ Ij JfUa* 

• j*t***i _?'■ j»; J I _V 

BX b +BZ b = BC+CX b +Z b A+AB 

= BC+CY b +Y b A+AB=a+b+c=Ys 



■WiS £*> J Ijl} 
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A -> C tS 'ji ^ a -^~ a cS^^b *j <s ry 4 j 

AY u =AZa=BZ b =BX b =CXc=CYc“S 

: fijB dj*J 

CX b =BX b —BC=s —a 

j>- B J A ^ 4 ; A >v' ^ 

BX c -BZ c =CX b -CY b -s~a 
CYa-CXa-AY.-AZc-s-b 
AZ b «AY b =BZa=BXa=s-c 

ju* i^xi |<jb>- Ojjii CiB ^ A j 3 y* i ABC >**^+*j3 — ^ 

:U X j \jj Lae^i bui 1 ^ t^P UxY ca l* • X>* j l>- ^ L»» j5sj .J J 4-; J:> 

s — a ^ s~b -> s—c 

:^>jb aS*X^ c*} \5 —Y 

abc = YsrR 

.Xj jUl« j»A b ^cjai I ; f. \ ) JSX* CZ j BY j AX *- AY u -r 

.'^-*’1 CtJ j** ^)> 4 - V’-^ (j^ 

.JiAl^ IJJ C dJt. a ^U'jl xJk ABC ob^Xo-l; -^ 

:*jjb XJb* jY xYc^ 1 ‘ —6 

S(ABC) = (s - a) r a - (s - b)r b - (s - c) r c 

rXi-^A JZ •£Xjf X; [j —? 

— + —■+—=■"- 

r a r b r c r 

i^^cJ — ^**..*wf A 

L ~.>-jA i J>- ; J0-9 tj OXA ^Uiiwjl 

1- Gergonne 

ojUi^ P;iCZ<BY< AX J>\y* Jap- *- ABC xli* j* I * -f 

: C-ljl Av.j Aiaib « 


p X PY PZ = 
AX + BY ^CZ 
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.0;j Ijs4^ 0 J 
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a 5^*4j! J 4 f 4 Aj )j) (J I I 0 ^ jaa^4 I . l ~ -a. jm J 04 

4 ^ Af Y eS^ b- 04 .40 I y 04 1*- 0 U- o- 5 jl ^o ^jL-; 

04 |*t>o^Jflf o^Vli J I lj ' ol 45U jU A^AJ4 JO^AJ \ Af A 4 Uff 

40 _.^ cs -^t i j J 4 (j^^ -^Jo^ I A.^s^ jf j&j* m j a!^4 ^ I t^^ljUo^s* 

.O*-^! «4^f 

O^-*^- 4 * O^JjiO ^ 04 aLw.^ jj{! jJ>* J4^ ^4^00 j 1 

v4J0»\i Vs ^^=»\.>ia <i>s 3 \) 3 ^ As 3^3) 3^3 3 ^ 'iV; )i> (^ 

.w^\ Ai^S^s 3^33 0^\ aS jS3 o\ 

\£j^J* Asjlj A^J/JiJ W.-I s&zyj^j* Aj O—-Ij^f OJf A^;T v .j 1 Vyj J>,j| 
ctl>A; 3j>3J j I L aS^ C-a * 1 1 £ J* A; J IJ 4^.0 l>t/« Aj 01 J 0 Jj O^AjjjiJJ 

yO Aj J yJJ ^Ja \>IA *i3\ ‘jj\yS Jjiyj^i 3 ji 3 0 Aj^jlj y_ ! Jj b .0^1 J 

•o—'i ^4 ojj 

)\ As^\) i)\.M*^j.i.s 4sl^>\j V-i Ill** >\ A.ij\3 34 (^ 


.a4.L y> 3 y.A i^x-'K-A pj*zZ=-y I 3J> y^SK.>- aS'^xSIa ( ^j r -< j,J -1 
■.(ps^y e!ool)^> I y Aj 3 IJ 4-» As V Jf J ^-Jis -T 

■o'^o^- fi - a splits J4u* £-1 jA f-^y -r 

f- C-L.Lehmus 
fi- Jacob Steiner 
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<A3\) >\-4**» 

B *>jI3 ABC sU* j> 

J BM 4 iJl33l 

J B <M A ^jfj (jUjL^; CN 
M' BM ji C 

NCM'^ijC b^ ju>- ij 

J I . Jb I 2 A i J I J A*.*/ b 

j NBM' C^jij jo (jj{\j 
as"NCM' 
i_.i . c~,i ytUw BNM'C 

: P>jB 

B < --- (B+C) < -1- (A+B+C) 

CBN < MCE < H o° 

: *jS’is* **>?*■* CN <C BM ' ^Lj pJ aj Uj 

BM > BM' > CN 

pJ Aj Uj t Xit B C j^ I : ft j J . (.$**>&. C Gal*- jbs^j ^ijJ “ ^Cf 

^ B =f= CSjf/ Jil^b BM = CN r ^b U-< BM ^ CN Vb 

• B —C 6 c~-i 

^*ma15C I JO ^ Ij Aj J,>* olj /^jl 4 0-*-°l l-Mp- Jaj *VIj ^J>* ol J 

t^bj a^LaU)) aU^ JU ‘V SjU-ft jo D.Mac Donnell j G-Gilbert 
:c*^f awU' a*U-I jl aj^O c^lo^k aI^ jif^j** G? J^ji j o-U< ^ij^ 
(Scientific aU.-j:> ^bj ^l&jb c^aaJU* G*j j** 

L-«*J J L*«**j ^ I Aj ^S"" Aj | j aI^au* ;Ai^ t % i i JUcVof SjUijo American) 

J J IS' .Xi lo^ Gjj9 aI^. 4 (j i (£\ j* (jJ l^i?“ol Ja1>s 4 j Is" «A*; I j.>• jl jA) 60 jZ A*j> J& 

1^‘T u J -j : i' j^ A) . D VL J>- oijj^Tjsj rtjfJkj* -^3 (j^L Ij l^Mjooy jB 

((.d-^lo J>i j* 

Vb J>. c |j aSGc^sC ol^J 4 jSjo « 6ITJb’1^31 ^ 

.j;!oi JZ oj Ij jTotA^ J^r c-*j b* Ij a : Ji9 a5C;T^I^Aj . o^l Aij^f JUhj'I ^ 
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SL*sS J.j Ij U 


• Cr 


C ij O a1a*m,o I ji p.^i 3 «s 4 »u «4 1^1^ ot J I 

. c^^l C£la b oIaI ji fU$"ys> cJLS»-Ja Ul 

d^ Ui*l LIa4.w25^L> c *Xj'!eJb oL? Mb~* aj b j t**»ij (_2 lA 4**^9 l^;; <rC-«./li 

^ab* {^‘bb J aJL**>j obi Aj IaA**3s ^jj} A$bj‘ieJ.i oj Ij jl 

jU'jf ^JJ l; A^JzS ji a IS" .^/ie^ii J*5bj £ j*J>ja (J[^La i ^j 
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(G.H.Hardy) \SiA* cs «^rj’l d?jj) jfAbijj ui c-x-i*I j jjb ^1 ji^jJ>j» 

fjiyo^ji ji 4 ^JuUi Aj'Gji jj^p I t uU-jU^)) : c—-1 A:if ojlj jjiji 

Jij Ij^g^j'^^j^ J>- 4 01‘^laJ* ^jlf ^tbji • O**'! 01 j‘IJ~31jJ 

L a J b «ilj uLi O^i jl jb»- »0-*-«1 Cj^i ■) ^ bif • - ^^?r ^a l ^_*- a Oi (_/*Jjl aS" 

.«c-j»I <^jlj £^b« A>t;T UI o b 0 ^ 

\AAo Jbj^ jlf jb 4 Alljl^ij jj a f ^JU-aij ; pzrj** 

j."a^b V Ij alj j\ a5vj'1 j> c C-^1 a^-i O^? i i s^>jj 

Oji.5 ^frj uijfJ;- 1 * JU S'^A a^U^i A^iU;a JjI aJIjU jl JaA9 aS"^ iaj'jjljl c^*»\ 

SS'^jA D £-1*3 If B Ajjlj jt-M*jg ABC 

^-l.>3 c jL**^/ 3 
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. ^-ia? B ji Ij AB 

JLAU BD-CE 
ABC^^ ^ ^ ^ ft* * j 5 " ls^ 

.O^oi /r*5 bi IJ 

C j B A-jjij ji al?y> 

wU J l—J J~{ I J -• ^ l”-^ 

( j^> j 9 ojf >Xa!^s^ £a 5 bJ I ^ j b** 
xjdj^ji ^j ij’ Ajjijji (jji Ar^s - " 

Oj^yfl Ji B X 2, C J 

: |*j jb 

A A A A 

B x = B,>C s =C r 


(- ■ »•' jw) 
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. J^J D *i 3 C M F jl i »/ BD 1; ^jlj- I J EF 

BEFD jl 

BE=DFJ B V = F* 

:pi->b ECF lOjij 

A A A A 

. F N +F x = C v +C r . 

__ A A A A A A 

->jj LS “ CjV Fr<^C r ‘> S ~ A ^-~ ! LTi F, == B t J Br>Cf Oj*-J 

BC ^ BCE J BCD Ji -CD < BE ^ jj j CD < DE ^ 
B,<C, oiD^; CD < BE w pX CE j BD ^i 4^- 

BD —CE o*j* ^ u J -'■ c '^ 1 * 4 —^ B < C 

jijj a; jl B <C C C 4 £ j! j jl B 4 i-?C 

a^D Ja ^ BD = CE O^j* ^ • ^<jr* 01 a,Io 

B o^—i ^^5 l»^J I .✓ I.**— ccoX— o^" 4 ! C B 

^n©>} 

•c—-I ^ V v° ojlJji Aj Q ajjIjj ) y SjlJilAj B 4 ijD ABC wll-5ji _ ^ 

^jU j fj\»jL^j CN 5 BM l sWC 4 ^ <A’^ ^UaL I jJ>' ©iU;-l j>b 

.wL;S" a-mjU. j*aU !j C ^ B 

o-l jSC* aS^j^o-x. jTDD o-I O.Boltcma A ^-*3 

j^.JL— Lj ^9 IB t(_$ J t*«t» <j I b> I ai— b ji I j\ pA b Aj } Ij J 35 

(J:* <ji j+* ^E*) <jjJ> IJ (\ i 6 A) A t^ |>A— L AI — 'X/i-v 

oliil UAb>-y a>-j! o-i- AjIjI Ar^/U^j 

I>aAaaw« Ia^4 c o»— 1 0wA* 1 ^^ «-Aai 3 j \f j-*-) 3 ^ aS"^] I*'jj j! 02 Ij _ .y* 

» «Xi J5 ^ d-—— ^aa*— 1 Aa-s £29 ^ 

^urjf w* 1 a*c A 

OljiA^O—>i oXi oA/UCj 0^ l>- t^UA^ljU ABC ol^ (oil 4 f-.\) 

4 ^o-l ^pUjjI oli» DEF j Uj j I jZ j» H 1 (J*?** iyJsjf j* O 

O —>tj 1 j Jl*) 2 j~^ i. >J*Af A^t 4^^“^ J- iS^ ji -^a—Ij 

A tl\j J2 (X—— A Aj . J—Uaj^} j f\JS* A—f ,++~Z ij* 

jaIsj 3 o— i (js' 0 ^- 5 -? i£ j* j* J jj j t Di (* A A ^ AOC 
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(<—fil I « J£i) 


‘—k j A (j-{ I j{ C . l; ^ O U ^"*Si 

*i OCB j OBC 5 ; jI3 ji 31 

C-L-aJij| .O—I CL djlJLM 

ACF j ABE l-ijljJl^U 

*> m S j j* jl Si j& if j 

.^^1 of SjU;k ; ACF j ABE 
BCEF j! uilj ^ 

<> l ~ CEHD J BDHF J 


HDF = HBF = EBF = ECF =ECH —EDH 

•o—l EDF ijjljjl—— J-JD y 
*ijlj31—f ]F j DEF 5;ji3 3E» ; < j-jE o* u «u»Ca 

( ^ A.J 3 I J b AS"”" | ^ ^ ^ _}j I Fj I ^ E 

ij&ts ojA aj .^pliJjl ^IaajjI 3 ^UjLw^; jl j.;;jLp I^pU; j | 4 ol>- 
^lAse* SyjN^Syay A;* V oA=». U 0,1;* ^ 

. w>*»A ^J.ici.1* O^** ^ls*Ai 

FD ^-j~“^j, a 4 ->A DBO > HDF cs jl3 tsy. \ y 3’l j JSC, ^ j ^ 31 

■o-l OA ji EF «>VLj OC y. DE u^j OB ^ 


ABC 3 DEC ‘ BDF < AEF i5^ & AF r o; ti (Jl< m) J£*jj -\ 

. Li;* j*aU 

IJ (oil! 4 f.\) JSs -1 jJk> jL'jJ ^jSUa AjjIj dij Ij Y 

CU Ar ei l-f : ^^3i £l> flJtfkTJLiTf J *<* j ji Ij . *5^ o 1 c^ 

.0—1 oA—? rtAjlj I O'— 

j* j> O I Uj" jl Ay 4 *A— Ij A>-ji—» J 1 Ajjl j li^j A I AS”" C-J l* —Y 

.o-i ^ U;ji cJ— y>ji> ^ 1 * 0 ^ 153 * 

: *L*A oj l? — Y 



c*>U£jl) J 7jl; 


rr 


hacHb-c| 


Jj 1 csMU cJUu _YA 

b IaA* 1*4 (^ Ia b j ^*4£ 4 ^_^,1 a,-s ^ ( m } M 't ^*** ^ ^ AS”* J J ^*,[*,4 

Ja-*»j B' J BC A 7 ^ (C*J I 4 YM) .jf^b'^ cJi.« j I <^IAj C» cL-12-* 

. e^l ABC *!*&• ^Ia—jL* A 7 B 7 C 7 6 o-*l AB ia^j c 7 -J CA 

t5 A *i c ABC ^-^• 4 (Jib £ j* 
BB 7 jAA 7 (S C* aL*; 

b f J O I Uj JI jA J (J b I J 

A'B 7 C 7 vi±* (^pUoljr^o H 
'pti^CS - * O b I j 

y> A .j C$ I A/ 1 *^ tL. 1 ^ 
cJua/ (£ I A; b.4 J1 ^-C> ^,A 

i-li-OI j^a> J 



Ml . v \ JSi) 


(5^L«j4 .c-li-* jI^aj ij ABC c A 7 B 7 j C 7 A 7 c B 7 C 7 *At 
B 7 C 7 ^ AA 7 AC 7 A 7 B 7 A^jf jl$>- ,a«r^ 

si*u« ^ 1 aa; L* J Ji ABC <jbiA/L« 3f <Ju4u jT jj 

.JUlf^ A 7 B 7 C 7 j ABC G A 7 B 7 C 7 

jjiifj) .oijt-b^ ABC isk^ A 7 B 7 C 7 <sk * li; ji 

.c—l ABC oibjr^ c**»! a 7 B 7 C 7 as" o 


a—S'" a^-j/ j lw v c^;~^ aj A 7 B 7 C 7 -? ABC ^ ; ' 4 J* 

Y Aj GA'O^AHG ^^cri AG-VGA 7 ^ AH-yOA 7 
• HG— YGO j Jas^tib H -? G j O Alai* A-aT^J^ Ajh^/j li> 


3 )\ \. -W*1 

Ai 3^3 a ^\=L*.De* ^ ^ a,Sfci 3 >X*.».3\j 

*^3*^^* ^* ,> ^ N ^ X w 1 :***^ 

OJC fb* yi$\ kaL « jt^J Ja* 4 I ^ (J^ 

£^9 N J- 5 U HO AS"p i :S , ' LS 4 ^J Ja>. (jj I jJ B 7 C 7 P j' 


rr 


d-Uc4j 4^-5 \j ^ j Ufc4la« 


i^-i^A A>«a'j‘J -UjJ *^0 B'C' ji ^ A'O $ PN J AH ^ a= ‘" ^ .J^S^a 
<_£ l^i^A i y>& A$”* i C^J l* Aj lw> ^jj Aj .0.^1 HO N 

A'B'C' * ji ^ j' 4 N c-rj N jij* ; A'B' j C , A ; 

.0—1 

Ja>- jl HO ■^2- vU J Ji L*J«a j£> ^Ia/L* iO-La o jjli j^~ j A t ‘ 1 A*^^L>. 

\ Y Aj i^>> (JjIAjLa O.La ^ • ‘—'*“*'1 £-JIJ I OUiA^Jjl 

(OLa 8^ili ^ cJa^j" (^IAj La O.La ^L^>ia ojjli ^ L-J> _J C-— I Aj LlIa 

. C-— I 

a5\j‘ BjJJAj 4 i^J 0*A>6>tf> (_£J Sjb Ji t^S - ^ aS^O*«*uJ ^J Ja I J> j! ^ U A$""(j yS' I 
Aj N ^3\ .JjI^aoLa Aj jl f L UiJ^jl J L«*J JiJ lj J (£ B A>-Li A*Jbji 

.Ji AiSjjij o” 1 ur^ T ^VYV Ji *^T Lo Aj ^\i ji \Y°Y JB» 

JBji .i^SBJ4 p "V O I o> Lo> L J* ^ fj^ WY\ JU>ji 

Jj I . ijj pJiA 1>«;Y ji c \YAY' ‘ j* JB» 1? J c-iSO l* ^)>^A 5 o'* 4 - Wff 

A*~a jj“ UaJaJ A^A Ji oL-MsliJ J I j7j* Ji .i J> ^C* S& Ji A l* j\s Aj 

^Jj! ^Laj ^ijj a&jJ Ij 4^!a^5 Ij 4 JIj 4 jUlj jt ^lA^tiy&ji # oib 
j i jj YYT ^ u->U jt;L>- jLj ji aS"^j jl liilj iU^j .ijli ij^-j 

. Jti jl O—liitj f \ jl jl Ji jji «j 2 * 1 ^^ O—liilj y 00 J^S jA jlJju 

vilj ^Jli^j J 1 *- Ji I ji j t oiAcs^ 9 C l ^ ; * LS^ 1 j" 5, - ,l csLajKUa Li 

.'X&jjS'iJf j\V?9 JL-Jij ili c—ijl Ij 

.ijj lvj|fij5^*A oL^ljj Ji (jLoj£ r J ijJiJJj^/lo.iSw' La a***> 1>*a ji jJjl ojI^a 

.Jj pjal Jj\ C^Aj^ii (JBjIj «-»UTjilji 




.0^1 (ji L^ jJ 1 A>- A* 


Aj jl j Lj O-La ^ I ^j ( \ 4 Y* \ ) 4;^9 aS”^CJj I* — \ 

aTjus'c-u (ciii 4 Y-\ J^j) ABC ^J3- r 


OH ,( =^R r —(a^+b'+c') 


: 4?" Ju5" cj U _Y* 


DA' 


|b Y —c T 
ra 


1 - Leonard Euler 
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(£j\ J A BC ^ as " \ A*f S^fc^A * 

tffBtgC=r 


3 v-J ^>- i J ( lJ&J f (. Y • \ ) J &• iS^A 


A 



4h& 4) o^,)ta -A A 

(j***! (S l Ji 

A${j>\ Oi 4 ~j (jjlajU <_£ l^k^ 

( ^ L A • \ ) ^ J * p.-A ^ 4 

5 L 3 K <ji Ci . A l 
Ojk <w*^y 4«_j Jvl 

CH J BH-? AH 
HBCaABC ls^ 4 .a;^> 
j 7 -il ji a *** 4 BC jj 
j**l; LM j ETC' «A T 

j I ^ I J.5”* j& I ji j • *A~i j 1 j.- 4 ^ I j* 


B r C r LM o M i ^j- BC V-* BC k U ;l 

AH t MB' j LC' jc-i >j** BC ^ AH Oj-r J ^ 
jB'C'ji BC j>. MB'-* LC' u-{ ‘ (BAH > CAH e;U^->) ^y 

C^j !■? A) iJL* ^,3J A) .C— *»l ^JJa;-*.* B'C'LM A~> & <j- C* C LM 

j^jj! .c^-i C'A'MfO A'B'KL ji*>Oi 

jj! *~r Jc;«A ^ley.b j! C'M -* B'L-? A ; K ojl i 

oja?^ D ^ A'K >* a >. S^k> c—l 4 ^ 15 A'DK M3 U1 <s A 
J_SLi ) ^ F ^ C f M >“ ^ E j-* B'L > ^.b ^ 

.*j*ijb l->ji3 <jiL^ : - .('-f 1 < A* t 

v vSV&Vi, w |<-kc» <w vtjV^-A 3 (, oAu^aoi -A ‘A* 1 

*5 ^sV:, 'iksj* ^ ''f'f 4> ^ aS ^\^\x=>k 

^w-VsSV^Vijk 'ECfc ^ ». O"^ 

. R 


V 3 A 3 ^ ^ s- 5 *‘ , '- ^ 




At Jj Cj'S\ A^ Io-V-aU 4.Wsii lj 


)- Jean - Victor Poncelet 
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.k^-ojl; Aka/ Aj Sjj.1^ ’jZ' j* ^ A* ^ 


y>$\ i jj I l»I.C-*>lvj9.JyM fL* 

. J,A>« L ^A ji.) 

<^h.A) A*a Ak &} Aj o j~—> b ji 
Aka/ A^ L yjy Aj ]\/J J L 4 K 

J& di> j~> ji c' jB'j a' 

-3 IC L j\'I c5 AfA j & wL*S I ^ 

l-j /A'B'C' 

Ajjlj Aj o^jb jfj* Jj>- (30j^ 

»*A<*£ I ^^ A® 
1 $/ l ^pUjjI 4 ^* A 3* 

A 1>*j U- ^5\j-X5vj L H ->0 (_s^i 


:^iS*jlA(^ <_/■*£ •j^: /a ^*L5' 4 N Hoi Afc—*1 £-®b OH 

; £ ; * j\ 3 C,~A j-i\3 >h\ ^ sS» V.b £ 3 * <• ^ -t £ A» 1 


»\ ^WV^k a> cAl 


.r. 


f * 3 


.cAka)\ 


^Ja j! AS' <j\a[Ua A) A>-j.T L # C—** ^iU-JiAj C-AiS ^ 

Ji! A-fJL-j^ ^ c—l oJL* tfUU* ^ A°r *! N 0^ ‘ V 

Aj JUAi V* C-.w/ ^3\ Aj Ijjl/AJ IJ L§/TaSso I .a/l^jj oAA- (jTj: IfcA^i 

cull* Ja*^ oyji aTc—I oi/cblf m& lSU? ci^ ^4^ u'- ! 

^ B jjl i^Ulc-Zkk-ja ^IAjU { Ja t >z.A QjihjJ ^Uol 

\ AY ^ JU» jjj jB ^Hj A t Ji$ cjUI ^ A tk .^ 

\j) 3\J }*r ^U'^i oUa Y^A^a 4 jTjOO-o cs 1 :^ ^~ ; *5 ^S* 

3 r >\ 31 j J \ j (j-^i^=r ^ W*-? ^4^ <3 Of sJJ I j; 3l 

iJjS A^aS'Aj b .wU^l‘^.4 IJ Alai; a; o jJ b 6^ 31 

J L5‘ 


jl^ ji J>b ^glal^e-* ^La^jb^ aLaja; o^ib aS^ ^ 


aI 


(*^ : i Ji 




l^«s) «6) 


^M^vi^. 31 ^ aka'o A^f Af.urc.ftf (uiii 4 a-\)J^ a A^ 


Ula^JJi J Aj MjLjK Aka/ A^ cAki/A/ 6 jjb ^3J> aS" C>j Ij — Y 


t- B.Bevan 


r- K.Feuerbach 



4wjUA £+> Uijb j tjj jc I jt) 


dejFDjef cs^-ur 

ABC Ic J lb 4 la ^fys >_Y 

, 0 -'*'l IJ b I c \izA) At 0 ^j|i U l-*A AuBL^* °J- 1 ^ ^ ^ 4 J "** 1 ^ 

m>' A**> Ji JiAiJi J JJ^ P Ak^iJiJ j >! ji 


C s B J A AhAj 

C—*' 1 jJ Ijf lAd ji 1J (j 


CP J- (jil'j ABC ^kjS** Ojd 


a^.> t i 4 *j _^ 

b aTjut O; U .JJjB iJj^jdj**^ 

,V*-I Jil j^PlaJjljTj* p J 

i |p- C| <_£lAAijfj Ij Of(^t^xIs<^ 4tA-Jl« aUa/ Al Oji\$ AS*"’AjS’C-.i Ij .».& 

.jS^ A-ks |A—Bj j |C—A| 

(Podaire i£Ux^= ) lS^c _M 

jl (_ 51 * Ij (Ai C " 0 I J ^ ^d*i cPk Ak ^c-Ujjf o.k* 4S"* j^dA^ 

^JA<jl<_£L& 4 /L« ( jLi[^A»\j ^>j ^U; L* cPt* 4 JA 

<^UL I 4 -I J jk/ Ji Ij LS ^*' 4 Oj^l 

iA-li*L c^iAUiUlj (iJ^^J.Jb'loJUi j <A~lt« ^is<? ^^ ^kMi Alafi/wdiijl 4$^ 

iA-1*.* At 0*«*J Aka/ 0 ! Jt^ 4 Ji 
A 

-fr^-’es' 4 u^J A* 
Akk* (<kaJ I c ^ • \ ) (JSC Ji 

jU-i ABC ^ u^JiJi P 

J PB n 4 PA^ t£l&i j.*p j aX* 

4 BC iSk^j! Vi 7 A ^ PC S 
AJi* .Ai Bj.a AB J CA 

P Aks; ^ij^ ^ A n B x C n 

• J-^k ^-* ABC 

Ji p Akij J— > Jp 0 I J i (J — 0 

S^j^aj c^*Ai>i js' jU^Ij ^* 1 ;^ Ojji 
, ^ AA *AaI i^pxj A*Y Ji oJ^d Ji ) JAL/ A-*k<* ^k*5»»^ o^ik l5-^ P ^ 
jJai (_£i^*£ 4 AAli ^->ij C-li* ^k*5»«^ I'd ^U?jl jfi” j a j* P J* ^ 

.i 4J wlAf ^>> ^ I Ai U* ^pU?jl A~C> ‘-r*i-’j ; 4 d O* 

AP J&* ^ o^dC ji AB\PC\ aA j5f jl^>- *|t- J C j;- ls^Jj^ 4 - 

j Ji la 4i bi ,0*^1 AB\C\ A-^/1 CP^J- P U"* 4 kl>t^ 

ij»ijB AB\C\ j ABC jij^ 
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YR 


i A S B\ — 
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YR 


: (j Lf jj j Aw29 C IaA^vJj ^jjl 

ABC >—A** aA\ Z 3 y 3 X P sA^A -1 

ABC W^** > W*«*i p ^k&l ^iyo-E- W.V*.A yCjV^xl^c* v^V—AOV^V (, ^JrtU 

•Ai 

ax by cz 

Tr ‘ yR ‘ TrT 


t . ^ 
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oJ*,« di,< ^1 j.j aLl* j.-k ^-J1 4 * 
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{£ j'b j—^ ^k jj 
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p«»*^ !■>■ ji I O^-’.P Aj Ja 


j Ls 


-jf }>;> ±t^j} j If 


\j r 


utr 


iSl 
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c J - 
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^ I a] Uj » <_j liS - * 


CjW <—A J Ij (( jj-*'J. I C-> 1 ji J>** <Jj\ a) U 

\ n B n C, ±li* P y«i- _r>- J ABC ^ A; o~j (v ‘ V\) jAi Ji .0-1 
SC- • (* J-^ A r B r C r Ay By C\ ,^-C tJ-P J A ^ 

: I OlAii <j Lf C-~*v 2 > k ^viJ** 

*.yJli~wd\ 4 jU; A w-llft V> S^^<S-C- Crfyk* 1 

A ABC —■ AA r B r C r 

^k>t4 <_£ Ia 0 i 2 j} p 0 J>- t o^l jh J j>- J> (S j-S^i I C-i5s-i A : m 23 jjj) oUjI 

o~i •'^-*" I ^B- J A r B^C r j A v B^C n ‘ A r B r Cx ‘ AxB^C^ . AB\C^ 

C\AP = C^Rp = aTRp = A^Rp = B^P = B Ap 
PAB, = pRb s = PQAy = PB^Av - PRC, = PA^C, 

A r JIJ J ^ Ij JJ—JI ^ J,y I J; Jj ^jjljjl AS* f- 


:p- 3i i A^-;/ 


1 - J-Neuberg 


Y- John Casey 
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vi„Uc4j 4x*.j f J ^ j t&Al^o) 


^y.J I . J.j tj ^ jlib <—>l;fU«* jIj.5 

-5 cA Ij # If 0.*0 l'*! fl^C IaA>*,.»aJ Af A*s>“ L 


aS"" «Aa**i Ij Ia C*-* l^.j t _) 




,-S”, ? l»j1 V 1 j 


J*jj » 4 J ’ 


i«A aI ^^' 9 I _/ I 3 3 ^ »Aavj Ij A*«*^ I ^ l»*v' I i^-- 1 1 Ij 0 IS” I \oJs- Iaj 


>-Li oi JJ i <jj j ^.j <j I **£• aj 


3 A jl ^la^- t O^'l a*ti Oili ABC _ \ 

Dj^--.C tyj> C Q jj BC £U ^ 

\ m >X& ^a P 33 C^I^a^Is^^ca 

• aS” ^-IaaS^ o>“f L> 

\ / PB + PC = ’PQ 

/ ABCD £-ty J>-bj3 — Y* 

^ p-^-”-^CS^ j*^- 5 ia>-j^ B -? A jl 
^33 \& A —J J I j AB U 

_XP P Ji Ja.>-I .0/ jL*; 

DjC.jP ^ 3yf^A: -a:r^ 

(^J 4 ^ ^ jCi) •A^^.^Vl^jl^vX/1 oi^U viL^I^ 

AS"”" ^ ^vvnS Aj L, ^ .aaJ I q*A * ^-s I j ABCD {EA^Vl^jl^u £->U p a Li; -f 

r Al f BPCjAPD Aiiijj, Ara ; ;rofl? .o/^ljf J^b PDC jPBC *i3\3j3 

. ^ o c ^ • \ _>* I ji 

A 0 j j . Cf C J B t^lAAjjljjl ojltai^l ABC j;® ^ 

DBC 4»jlj J JJS'*Jj>-jj D AC l f *f ^ |»*-J ^ia? 1 B 3l • A^-ji 
ij ji E AB 4 C jl jr 5 ?-** 4: r^ f' 0 SjU/l ^ 

R J s J P ±\al'i i£5}*.£ CA>1-^ S\ Jy \ : 3j1^> ^Ja^A 

a jl I I A; P Ajaai 0^9 V 3 0° 3 J** o^B j> A> 

< d^iU 


Ss=^P 
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jZ C ji j 4,*o JlA Ji Lg.jJ 1/ j’—l uWik* *A*>- jb 

4-o.A Ji oJJ^-«l U I tC^lftij* 4> U*^P J OjS 1/ jZ ^La4I-*^J 

. 14^3 j5 o I ji c4*j wUa j i ^:>- t J .>-1 ^ 

0 ar . j 

jljlP4j 4S"o jj j4j . C-*^l 0.5 jf 4>'jl ijj—* 4>*J o^pi 4 l&awU*> J jl? Ji 

v^VvyVa 4^/1 jl ^aj .c-*>I 4:-i|^yI coUjl jl pA*?j ijLv ( J*lS’”JS\^<ii i 

lijl J*'** 1^0 jl’*"** L*'^" 4S”* i i jj Ij l*«J I ( ^ 1 i^<kA> J IaJ 

‘^i^LS -4 J“t\ I jl J C(iz5i)) (,((*) jA )) a:/U t^laii ^Jwji 

^^.1^4^^ i^sjs* l.g.-v''I j~*J jl £^jli ji^j^i.* I jj j ( 0^1 oijP (j e^>«-: A o^Pi b! 

• C-*~^i eijj ^s>ijL,« j o»f 17 cj!j*.& ei aj oT 4,« jV 4S" (^jUp! j j^ JiJ 
j l^itaj 4 <>jpi 4 ? bj) jA ^jL*«i e-J U- <_$!>■ J«i4i jl 

fjS** I 4 / I 4*a jS'h L> ^Sjl o-i^4 j Uolj^ U 1 ic**«l ©-Li* jLj j wJa^S" tji4j 4i-*p j 

Oj[ b4} c«*J 4kfl5 0^9-1 .f 

l A 4**29 ^1 jl . ^S“ (J JJ I i Ij Ij ^ JlJl I 4.VJ-U& jl 4 *Jz3 Ji Jj l—j c— 

^ JJI ^ ij>-jJ ^jUSsj Ji O^pi jl j'jji 4-S*" (J 14*ia9 Jj> C-*^l -kjfj* 

•(PA.PB = PC.PD ri jliJi:JiL t LU:. pji^l^lijl CD j AB !) 

^^JOl^J O^pi ^jls^ 4laflJ jl 4S^*^xi? II 4*1:9 Ji j*J> ( J*?1>-4j C^**j| jjjJ i 4 w29 

^jl>-ji ^lj P 4ia4/jl o IS" jb') o yj} jj 4 I 2 A/ qz I j I fj-^ j- 4 c/'^ -4 J jloj *!>*<» J i j^^- a 
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^ 3 J\_ 3^ o^liij aS'^.a*^' p-^J ^xJg l£ j*> 3 0 J-^ji ^ 3 PT {j* ^■ 4 ^ 

■ (FT = PA-PA' r ob .^>jj±j. 

^ 1 ^.aS" ij <l»,a <c-~j! i ol ji ^_L> 15J.>» d I Acs'* Ij 6 ^jI ^jt a5\Ij f Aj a>» j,7 Ij 

O^f jl3 ^^25dlj jl jle jj j j! j7 ^a (j VU 

A' 5 A ^3^* ^ 3 ' *S>:0>^ io**J5> jP ^sJU)\ -^M*r 

w«A B' 5 B ^ \) 0\ s 5*5i3 ^icxU ^Ws>i3i <*' o-\ 

c^iS^_jc*£ (^jAi ^Wai3^^\ 



PA PB 
PB' ~ PA' 

Ij u*l+* jl y l{J t 4&T jl jJ- i-UT ,_/U* » Jt \ij> k>- JJ jl ^Sv; ^S' ( _jd Is-Jj 

; 45**0*9 A* 4s*;-/ J-; J PA'T -s PAT cAs J,} -O 1~j jl jl y ^ LC^~~ 'b ^l?l? -'•s- 

PA_ = PT 
PT PA' 


JC-^si I ^ OJ^jAJ i 

PA .PA' — PT X = PB. PB' 
a *d i>~j 0 ,p.» ^ P ^ ; * -* R ^ 

£7jl>- P J* I c^>3j^> { jA 3i .«XJt»U jhs &3 j?j\£>-\ Ij BB j^cs 1 * 

ipj-jli. A4 »Ij 



ff 


ojiti ji J ,) 


PT x = PA-PA'=PB.PB' = (d+RHd —R) = d r —R r 

:Oit ; oy.b J^B P /I J 

PA.PA'==PB.PB' = (R+d)(R — d)=R r —d T 

Abiaj w^j.5 e> l5v I J pjjli ji^ A O L* 1 J 0Lj Aj V Ij 4,Lj f j jj aiLlwjl Lj 

• ^ cJb j*> IJ d !.}4 j C~-w 

W.^* / t ^J>\i Q A^-jk - X i i »r 

p 5 jR. 3 3$ 3* 3^ *W\a d <-ABC 

d^tf-rrR :&\ *k»\> 

3U^‘ AI AS ‘oL*l <^l Jf 

oU A-^1 lj A 4 jjI3 



LS - 


J -US" L j-* 


l*-o O &^-ib £»l jl lm JaS 


Be L j_*—>■ 


4 r 


;r 


(y c ^ • f J^*) 


jh$ ^v,j 0“*^ i 

a l» U A ^-?*3 

ub 1 ^3 tj ij B jjU «-**«/j 

:*T 


BML = BAL = a 

LBC-LAC-a j 
ABI ^jU- 4-i j i3 BIL 4ijlj 


BIL=a+j8 = LBI 

S^-ib 4 _j c*««/ j LB —LI c^-»l jJl«J f^^U:/. LBI j—jIjjL'j 

I jf J J I i d^Li* 

r-d^ = LI.IA = LB.IA=LM(^): (J-J)lY 

= (LM. *fna):( ) = LM.IY== VRr 


d r =R Y —vrR 


a o' 


c^UiJU j 


ff 


)\osU .oiA» ^_s\3 R ^VxiriAi jS^a >\ d aIwASai P aIPU %V^a - uw j*> 

V^htokJ P Akki 0,5 \) d r — R' 

P jS’l S C*—I Op* o^piAj vO-*w oI C-*Xiboyji ^jl>-Ji P j$ I 
tji Ii4.j c-^**/J I JJ>b o^pi P j* ^ ic*—I j**? OjpiAj < 0***0 jl o jl JJU 

. 0*01 Ju* 

J : L» lj Ja>- ^j»Ij -U^OJ ^j A Ji d^pi 4 J i jiSsi p ji ^L,»- oIS” 

0 ; ~J P aL^j* <L>Jj*0 j>p ji £ PA = —Ap 4 $^^«JUj ^jijJ 

•‘fiJli -*-Ij aP \j*d>3pJ} djpiA/ 

PA.PA^d — R" 

PA. PA' *4 0-P J*\ ji © jpiA; C,*amJ P 4kij <0>j3 

Ja^^X j li ^X«*5 t/ ojp^Aj o?w/ Alai/ o _p £^jUao»f aSA^Ji^ (_S^Pi^i U*Mji 

• CO—I AlijjISf 

1 &LS* 


jjp jXu aLS; ?C*—I 0^—iliAj O-AA./ AkiX Op <Sj—'rT jl^*- 4 <jiA*^ — ^ 

?o*i fiJifjUix 

^; 5 T c*o l* jlJi* io*j l* Iji 1 ^ Aj c*w I^j I <oj j 5 aP ^ IaaL^/ ^u*X*a j iSl 4 — Y 

?o~* 0-1 R T j» 

^***# ,«»L 5 »Ij p j)\ j) d^jliAj vO.?a»aj Alai/ Cap* ^lla^ J*Af p I — Y" 

•O-i^ t 


->X> 


Ji 


S^liy lj pu 

( J ^*J 0 I i 1—^ 


cT^* P Alai/ jl .c*— l«Ao oli P^ ®j{li Ji — V 5 

PT ia>. . p-j u /JJi Sjpij-f l-> PT or^-* 4 -* 

:aS^ vO*j 1j . JiS^$ j^>- j* 


PT r -PU Y = Qr 

^JP=>-s> «jpi £p*— j.j Kj jj>*>! olx^ jA Ji aS O*^opj —6 

.vo»— 1 i j* oTl ; ^51 1* ^S" jjj ^l^^i 

j,^ j } ^gla*i>e/« 0 !JJ Aj (O-aa^J 1 ^ ^j.1^ U^»* A^{ lj P O’ 

.0 jjTo--o R j r 

JJP oj U ji'j At I j ojl A-l A*Ma5 cj!jc-4>- a~ A *P j^ ; ^ *"^ 

£j|j Abi/A^i C J B J A I • ^0—1 0 *^— 6^—;; j;» Y • ^ Oj jl {jlj-^ ^P) 





4haJ p j C-wjIj Ja>- 

^.BC+P^.^+P^. AB+BC.^.aF=== o 

Jt Jj b ^o*(l ojl y*>\ X*<Ja JAf o a1l~* ji ! : j j«e .£• J| ba b ] 
j! a.S'A i ^ ji jij 4j AB-BC.CA j s . ^ I j ^m2a^c.£ 

4isb ji ^4; j o-l jb j ij f U_;l 

PA* Pi 7 PC* 

AB.AC + BA.BC + CA.CB ~ 

t *«j t 1 L I—^ I jl ^ ^ ^ V - ’ 3 5 I ^ i*^*\*& ^ I s i •* —s~ J b ■*. ■— I ^ j I I Aj A^vaj^jl 

,C-~J a.*.U;a 

C—^l oJLi A;|ji i_->US"I „?i A.b**>JA j a5"*^1>- o|j^j A^,va.9^-> 1 <_£ I^j 

Sjb.jj) 3 cA*« ^*0 L»| Av-^.p dl^A_j ji j ^33 b 

AB i£\+~»\Jj{ lj PP^ 3j*>& P J) J'^i m s A b [j i£33 ->bc*4>* l^ia^cJ b 

: (*2~iJ*i£* P^ tS‘* jt I- 5 OjK^il aL | JJ 



A*;U oi 1 ‘(n-:A P' i-V ■*; ^-:- ; b CA J BC < AB tS^OU'l .l?_,» 

’-* J^ls a J“b <SJ1^" ^U&Jj «-Ll> 

ij Vb A Uj\j A ;V a9J | o^bilU-lb jfj7^ ^bToJ Is- Ji ^5\>- olJI <_£ 

:c-J> j> jiJ o;^A j 

PA*—PP 7 * | PB T — PP 7 *. PC*- PP 7 * ^ 

AB AC BA-BC CA.CB 

4> I AS'lj {£j~S A.VJ 3 J~S Ji A—j IJ 31 jj->- 




c»> Uijl> j * J 


f 9 

o j\y~*\ aLj|j JU aLjIj jl oiU;>w! 1 _j 4 o~jj iJ^—Ua, c— I PP /X 

[‘^LS* 

ji Ij J ^ ABC J-* fl £j* G ji -k 

: aS' juT c*< l; .j.; 5^,« ^_lai Z 4 Y 4 X 

GX + GY + GZ 

^rvfr/r .c~»i j> £± 2 ** ji 

is A ^ <3^ ^A ^ 6 ^^*cr J J *1* A ^ • pi jX ls 14 

0 yhj£ ^JUsI J$>,A -t'.f' 

■ 1 0 i J^" i^ 6- * jT- A '»’ jI ^)) * 1 J Aj j l-£i l«Y J i CS^-^ 'vY'w""^ S “G)\ 

j! 1_J -iS" A.jj y J* j i £ J If- Ji y** A ^ I \* ISsiA Aj CJjij«i1 j*J l—>-6i IjA l-i 

J ^Js^Li AS" y J Ji . C 4 ^J;a jl ^Ui^-4 toG>.^ 

(_£ I y AS”””i A*J>! J ^ l^.Jj I o^^a_J l>" 8i I^A l**> 1 ^1** AS^i,_J Joi>A*st?^J^ 

(_£ I Aj I)) aS”* J.j _*S” ! a*9 1*j j oi 0 L* *—»li ^01 j- 1 ** 

Oi La*,**i I ls^2**'' >t A JLA ^ f « J'*'^' ' ~ ‘ JJA• W J ^ ^J , ^ , ’Ji AS"" i IaaJ.-*-^,* (3 i 1 iw-'js.^’ 

• « ^o" 4 

Laj ^Ll>t7 4 *j^aA ^_.msIj Ij aS^o^I ^jV a*^> ^jp (jjjjliljj 

I jj I J_^vf I OJ&”i t^lA^U ji J oijj ^l ; i>J A^Xa y US' A; 

[.0-^1 6^1.5 

jl ^J>- olj (ji li (ji j7^.j (j;*^ (A - ^ (J 3- AS^C-^j! (j5C^ 

AS"j v 4'^ l5 ‘* oU"i ^Gi>t7 L-JHa J «—’U GjliA of jj^jl jG J- 5 aS^^ IA^S 

l-J U* ^Iaa^;/ ^l : l>t.7 ^jjjl eiU^I ^ Gl .c—*^* ^^Sso j) jilSvJL-* ^! jSC^^a 

’ ® (.S’ 4 “Aj J I JI 

O^Val* \_i 3iAi Ok**! ^i\AA^e>.sii O^* — 

• a^\i 3i 0 \^->£jA\^-j> 

(a j b) j (x j y) aU; aI^U ^ JZ \ . J^i Ij ^‘I^^jAjj 

1 - Eric Tempi Bell 

J A-o.>- ^_7 j li 4 j (j^ I l> j)) OG^ ^iJ <_? J Ja-w^7 oliS^^»| “ Y 

• CJ>* , I J i— i O i J 1.31 

1- Rene Descartes. Pierre Fermat. 





fV 


: {*i 

d x = (x-ar+(y-br 

j (a s b) £ j a A -i o jth*! (x j y) *kh; o jJ b 

r 

(f-r Y = (x-a) Y +(y-b} Y -r Y 

:[ i s-*J J,J ^ud a T + b T —r T = c 4 aS " 

x Y + y Y — rax — rby+c (0 

r 7 ^U«ja,j (a 7 j b 7 ) jf y A iojil^i [x -9 y) da*/ O^aS 

x T +y Y — rax — rb'y+c' (r) 

^iJ -? y) aIsAj’ ji$U 4b U* (*)■>(') ji:>^ i£y\y. jf 

JC~*» I j Ja^- tiL aJ $ U/9 ASbb I ^ C-*~^Jb 

(a'—a)x+(b' —b)y = " (c'—c) 


(ji I Ja^ La X AS^p.**y <—J I I A; jS" Aj \ J\Zj {*&*>** o l5bvO j& 

(a 7 j °) j (a j o) a5C;T L_j oj j>j j* c jlaL *JIj ®j— ib 



(j*i «r.r jci) 




4«itA*A wo- U-iJb j 


fA 

C r " G ^ ^ 

x =——, -— ol^ &=/=:& Js >^aj j.g b »^ 

r(a —a) 

.OjjfiJi j*} j*.] \laa^j) J* m t Ia x Jj 0 **jt C--^l ^ 

<jJaG» U y J j ^sjZ'jA.UXis^ji J ? Ll* La x J j 2 *-* cJl>*ji 

cJ U-^JjIji o Ji *Aa| J>- X = ® j&> aH** t ^ t—Jft3 | iY . YjJ^-* 1 ) ^ J-i**-J lj-5.1/ I J4 (jt£a 
y Y -f-C b d ^ibjJ <^1^*4; C-«j‘ (o J yj aJsa/jA 

S^bji Aj Gw aS^^j IaaL^/ ^g-^A b&« 

ojb fU Ojjbji b* )}5 *a 

1 jj j t Ig./1 ^_1 sUj ^IaaLa/^j 1$/1 I X-Ab a_LIa> o^bji JZ ! 

j*Aj? Ojibji ^S" I Ojb j&*? j{ I ji u y Ojlbj*j\ ^ijZ> ^ G*«) IaaIsa/ ^jiljl bJj ^A 
aLa/jJ AlTo*** l.$J I jl 1 (_5 l*A? I Jj?%Ai*XLLJ>lj C/*’^’ 4 

o-A-i ob fi^b jijt jt I j) t^j i jl aSL^j L Ij ^jIaaIsa/ ^-^JUa b&« — \ 

• p*o 

A-e^ <jP aS^^iS^c-j t* .b/jb ij^L* ^jUx> “jib —Y 

.wU*i|j c-^l j Ja>- ttU^ ^L* 

< PAB ^--r 

jQ'AB‘P'AB‘RAB<QAB 

J3 M J p.A Ij R'AB 

. taL^^N**.* AB 

jjlji Ij *>*> i 2A9 ^<-j t Y*V) 

ji ^5vi {Jt b A**j AS^O*"^ 1 fii-Li p-woj 
AB Lfts<a.*^ JA; bjbJ 

tA* ASJ I J £& LL~> Ij . I Jl# 

4 <Aa^m*a> .A.B ^ ^ ^a!a<* b'P 

^Q^P A « R < Q 1 P^U^y; jl * 

.b;*3ij ojib til* cR f 

jU^ji b ^ a — ¥ 

JAJjb/* i wU*ib 



(v . r.r J^) 


x r +y v —Yax —Yby+c=o 



f\ ©J> \a ^ j 

ij dk Q j|^oU>i A>- (j\j\ A> 

1^/ I I _)(^1 y % .o-^i o^-si Ojk*-* ja L o 

, J. Ij JU>^t jjf Is J J 0 I •Al-J Ij |*A4j o aS' Xi Lj 

uo .r 

jj^a^iA ^olik a+aA^XZ i\t j±kZ* a j c I 

:aJ iU» c j;rJj^9 AjIj> Ij c q ^> o ]pj£> Aj —|— ^q 0^j 

x x +y x — Yax-f c=° 

J JU*i* I J 0-^1 J -k^ dk^j I <UA 45" wLlf ^ ^ e£->bi.-; ^Lfca^jb 

«C*0)) I J i^S vj U (^Uoji li ^jjl .0^1 O; l? Ja>- I4/ 1 jl Ji Ji ^b>l J J>*A 

aj aL 3; ji Ji Ij lay 4:*o ^Uojib adk^jo q j*\ .Xa\J^* « Uojj.b 

s-Jp- ^JJ,5k 4kk‘1 jd Ji 1 ij A cj l» ^ I Ji .Hh ]f — C i£^ 

4_S^O--^ 1 1 ‘U.A 4**0 1/ 0—0 Jb I . O**"! Ifta^ib j I 41*0 

(Jj lk» l&Ojib 4lO *i*ik 0 ^> O A^^ t>- J$ .*A***»l*.* Uy C->LaI^ l»A*Oi 

. dJi Ij ^ ((_ji 1 i V' * Y ) (J ^^ 1 b 



(u3i « r-r jci) 





do 

^ 33 Aj 33 3 *A***> l*J ^p*A-* Iao I 3 Aa**.^ Aj Aa*>^A AS""*A^*v [j <_) [ a ^»- b Aaa/^S* I 
(ji^Oj^ 4 ^ ^.jjArx-ii^ ij j=>^a£ i>_ ^ijij ji Aiji iX^tj oji^ ^Ujr^ 

C5^ ^ ^Is-aU^^ a^ jiijl l;ji I ojb i j>~j l^'T^i^ 

■ x*-a)( Oj.5 lLIj ^tjb o^ib a^^,aaj c-*j***'» aIsSj ^*1 j^ ji 1^> I^JaU; y y> 

m d~ C- C - 1 —^ ^ 4 J; j t *-^"'' fc *'4 c£jb* |»^ ^ ^ L$ b J j^.<Ol Uji olS”^A 

:>»3 Akai slk k&i t OXik ^dl* y^Vv-\) e^b A«» v5Va^ ; * 3 §\ -^f.f *4*^ 

4a*. *_JjU; Aki; jUa Alai; - J ,0~A O^S s^k ^\)b ^ib «Wfc A> C>*X A&)b 
.3jb (*U o^> b <u. ^kcA ^y j Oa*! Uj^b 


6 ji^ J- ^”'“-■**»'1 J^jjl «jibjl(5 yj AB • -U>- fi u^C. J 1 ji o^.bji_y 

.c-~-l ATB yp a f»x t :fc^j\j .c~X 0 ^L/> p j$yS.^S 

(j^C* J~* O Jl. -X—f lgj‘f jA O 3 X>-jU*L* jsAjjs O^b A- —Y 

,X*Slj c ji b *l\)_ji j*iLj Aka/ ^*A**' aS"XaS^c^B; .ipA*.j l&a^,jb c;-^< 

c^xiro ^urji^rUcurji sjbja <u*j’ _|p.f 


<jB C-a*^.A| ui 4 p;'^! } lAAlir cJl.j S v .jb ojljJi AX-iaS* Ji 

(.^C ^ • c-****b <AaI^>. ^.jjl o I JI ojb ja ^^SbjS” aS"*O.A*.] ^iejU/l Aj $y b 

£j a O *ki; (will; f.r) 



A A aS"c-a*.i ABC x-b^> ^Lx^/* 

LS^ ^ OL — R 3 0 jt b fji I 

^4( - 5' a BC ^aS^Caa*-! jljl 
BC x AD-=h a 3 

AA^.C -? ABC * x.-l 

C-*b^ Ji A>i*Ij jij lA; X C- |* A 

j x^ U:*. AA c C i ABD 

:pob 


b YR 


(Uf.Y) 

iijjL:* ^jljjijfl dyft 




aAc=BAD=- -B 

V 

A ^:' ; BAC b 

DAA_ = A — y( ——B )=A+rB~ (A+B+C) = B—C 

B < C c-A B > C u*> *; VI, j£i l, j,ik„ u ^kij 0 ,\ 

*iJ b jb** cJl>- jdIj'j *Aj‘jla *jBAD -? A AC jutlj 

C- u - ' LS** C B 4 ji^ji DAO 

E)AO = |B — C| (r*f-r) 

U^i^b b ABC CF i BE 4 AD £.U?jl (v 6 f-Y) 

^ li7j! jf H -> IcO J> iJ p' J E ; <■ D' A 4 - bdl* 4 

2 ijij l j* rCB ^ DAB 4 i-? b-^ . 

B ^ D J '^— vc I p) 4j j I j p-o-*.* \ j}_ j v CBjf lf> BCD' 5j „-?b 




<uo^£> j Ij 


ar 



I 4^ 

i 


U4Ji 


4- ^ X S-? - ^ ' 

‘ BGsW*-^ t£J-> v=B ; Ij Z 
^-0 fijt? ufj** j* AB -* CA 
Z J Y *bS/ Ji Ja«9 t-> 4 f. Y J5\<* 
ol^y* . (c~^i o>X ■**' 0^ 

>' b CZ -> BY 4 AX u . 

I c jl_ 

F E 1 D ji { ^*j y 
, X j is* ^ xiu fj I 4 P U; j j ^ U b 

(f<Y 5 - Y)*bJj <-y jJ>J^>\>. 

4j C*;«j H ^bjb (_£ I 4 I jj J*4j 

A^ I j^»- • XJ> b ^ l& 0 b I 

H cri 'Mji^jl f*B ‘tV'^J^B- 
O 1 _4> <-ib ~)jij A ® ji B 4# C«**—/ 

(o < jCi>) . i-W Ij Jji jfi o^iB ^ J A ijB 

Jj j*pA) Af i J&fj* A>iX jlJA*Jz9j2 1 XitAliS 4>J ! j\ 


1 *A.> 10 ^ g A j L»j 

^AktyAiS ^>Jbi> )\y \) tAS*^— fat'f'X 

» w > ^s^ ^ ^g£>v&i )\ jS >jA yj y ^ <i *p\ 

^.ao DYjS ^Wa B ^AL&A A^y* -^ i f*T 

v^V^-ib ^»s\i 4,*^ ^y\ 1 g^*oN ^ y~* ^ 4,^*^ ‘iA A,-i ^.S 

• -^.wl\ s^A*A 

ijlj ^Uljl AD J* ^ *j^i I C^vo-X* 3 0 i Lwo 0 Dj aljji DVb pi J D^lS 4 

x>!j ^*1 j»> 4-5*" (j\»j>b jij* c*\M> ABC j* A <j^D A 

<AC -? AB cS^ A U- t.xjj.f^A D 3 A y. ^b A 

.t^.^Aij I 4 J I I Jf f\. IB AS {C, 14^^ _/i B (_ji ! 

14 ;! 4-f 0^1 Jy** B c/»U J* ^U;J| 

C <yb 31 -^jB ^B;jl 4 ai^Vb . J-J-L]^ 3) jjB 

t>iCf C •****’k< 5 * C c/’B 31 ijB lS^ 5 " 4 J C^l*jla5 aAcU'-*'! ^bftyji 

cSl*^bi 4 j ^glva! ^ Xj JUl« ^Ubi/ Ji cA> ^l-i? jl 

a tA**j b i_y d^B/* 


Iao^jI. 5 41*0,5 iilj4j aji 1.54*0)) SZi ojUl A&j ^j_\A) (f-t Y • Y )4*ya9 j Lj j .5 

4*o^A o^f,li4*o Ia^IsI l^*o ^ l^la:**- aS^AX^* k--> l^ej t I ,({-UJolj 


Vj j*> I 4**^9 J ij-** (J 1*0 ^ 4—°l {jf'tjl I ^ ^ • d*««J ll OwlJL; (♦•vo^ 


^ o*j* j& CZ j BY ^ AX cs *C~' Ij(fi^-y) «if ^a 

aSCu^a • j**A 4^t*^.o C l —•>" Ia4J^.*i»>i 4 ^.■‘Aj ClA 0 (__£ jS\j 5 (^I^IaIp 

J.A I £>" jj (3>A*>5aJ C-?A«?' 4 *^-*^ 4 U-'"'? 1 ^$** ^ ^ ^ •^•'-^'4 '—■JjU*' 5 ^.0 } Ja>-4*o ^ | „... t r ^jV 

ji jl ^IaAjjIJ ^IajI^^a/L I^pUjjI <dJJU (j l a4/ La ^[saja9 Aj\j La a ^ifj olT * .5 * J 
itfj I J A ^ ^ J* 4^*f 1* p*< ^l*' 4 J !>• I 6 ^*5sj J^ i 


Xj> U i— >j\bua CZ 3 B Y C AX Ja>-4^ 4S""C-**o |^I5 j c-Jl>-jL«*i cJ t>- 
J5C J,*/U 4 C->J_^—v? jji I Ji 45 "Xu,«JIj £.9 Ij C^Uw'i ctb ji Z J Y 4 X 4laio4*o Ui 

. o--Mi J.a1 ^>- j!j 5 oil* £-C? JJt j* 4^/4^ j t ^5\j ffcA>“ c ^O 4>f. y) 

4X^Us*oI»zi/ j) x jCj B 4 ^ 0 1(jjfjf c~j Jii> j$ l-> AYZ c-liu u C? 

4 -- i; ij CXY viJt- 4^J li t yjCM SU’*- u ij QZX ^ aSCil, 
J BY 4 AX cA A 4j ^Iao yji 4_r 4>-. : ;/ Jl^ J A4; . Z J B ^ A 4^' 

j ABC cJ-^ ^toji H ^ U>Til ji4 f ^5 ^gl^l ^Uj js+A 4rj,;;U>. qz 



(o « f -r jca) 



w.?- 





(if 


j\ j A B 0^—^ ^i* 5 J .«^j 

• {ji, I ^ J 1-; 3 *X-£ 3 I |‘ ‘~ ^1 —p* 1 t kAj '.J Lklt 

j-Uis* ZsY'-XiC'.B'.A ^ ^CasL )\.^:a. «\l.s> -Vif.f *Li9 
v YCA 'k XBC ^SW.'^ 4 ~* *■; 4.S AliVs 

CZ 5 5 1 v /I A i iii\> k„-U:_\ \ } Z ■■ ZAB 

ABC 3 CAT 3 £ZA" '•AKZ ^AZ 0 tU:>\ -C. A^ 3 

ica.aL s^X^i 

.C-*-^ 1 1 A Bdi 1 *-''^-''* {jf' -) I J^" J A H ^ u "' 4 ^ ^ 

j-](_j/\ CAU ^pU jjl jf j .« < J-{|3G j\ J* J A A J>~ A-IaIJL* 

J 3 .ijb f u ^vto\ ABCH J 5 ^ - 0 - 1 IiAB a±« ^Uvi /> C j 

*£ ijb ij=rJ c~l> jt^ ja,* aL^; jl$»- 31 J; l; 4** y y JZ J^i j:> L JSo ^vi 

4ia4 1 ^ (j I ^*--' fj* ! C- 1 B 1 1 j -—A . w\_j _) 1 i 1 l-*-** 1 l^J I ^ {^C, I.A 05 

D'BC 3 HBC s* iSj^ji ^ ^ ^fjL*i (v*f*r) jSo <j^j u (y\y.y) 
tj ^ *Aj ,> 2C A ? c****o HBC -? ABC c*B*j3 ^iZ^A as" o-^s” 

HAB -* HCA t£ 4*B* ^ ^ ^ tC*3 4 k.^J 4j • nAj *3 | 

.^J j) I ^1 ABC '--A - 4 { J a ^>---* ^ J; J ’ 

t«i A? ^(C*J 

4124/4^ IJ j I S^jI^ i; \j (j l_^P U; J I 

4j ^ I A. ~^lkk.-0 lj I 45^"0»*f ^3 • wVaA^ 

S^ibl“ ^IJ.:a! t j ABC ^U 4 >jIj ^UjU* : ; _y 

u«-U LMN ^Uaij! j ^Uola;l . N j M ‘ L jj Ij 

'"^l I ^?0 Oj_^«s4i J Ji :J^*£- . ~ jl O-iB^UJ -1 

<4j ^iai (il> ^Ja94j 45^ Jv> l -OAlft ,134- <J-AVL> jiff 

L> 4T £,ll* ->i 01 J _^pe^> a 5^ jloji! 3 a;*j 3 £j:> 

(A 4 j ! ^ » 43 vA> l,c^- 

A=9A*u J-olr^Aijt^ Ji A^^J^ A*^9 1>B A 3 4i«»l5>lj 4^9 jl 

. 0>C2 a | i^,[ 3_^j 

jl31 jf~i ^U;^Ia^ aTcw'I I r *Sz^ j^Lj 01 * 14-^0 o4>l 

^Uoi aa* oy Ar^r^ cols (f*f.r) a^Ij ^^a> ^ p -j b c.B a 

f,C>**’l 0©j,3 Ba^Aj ^i—* Oi^ 




aa 


OJ.) Jj J .5 


. JjJJ lc—A ABC ^UsA*.?! j ^UeJiJJU‘1 

^ ^***^.1*) ^35>- 

J PBv ^ PAn <_£^ J ajP ABC Ai~C AP*i^ Ji £-*C P Aiai/jl ^f} 

C, j B, < A, 5U-A*. . r ^ r -j AB 3 CA < BC tsk^y. —ib- 74 ; b PC, 

wC—'*'•■* | ^ Jj l AS^" ^ ^ J-f Ji «/ i ^ 

^ ft jS (S* J jS ‘ i '' i ^ CS''^ 5 *' ^ ^ 'j +*-* (S*^J* C - o'icSkAji-* J P 

. J.Ji) Ij ,*_31 J i*iA.* OjJ li^.j P 

C P jl Jt A Jt <S^jt 

A *> j&sj-J j CA o\Sj-3 

j r SvO (^l^ll Ip- JO . j> J L*>-1 

^ A l> C ^LS; ^ m Ji A ; 4 p; ; 1 y ^ 
.^jjTc*-jij uUx. aps^X)' C j B 

^Lj Ip&<« A- y ^3 Ap-y Ij 

APC=ff-B = C^PA x 

aj jl j aj jlJji (VjiC^I 

p.jj!-i5\j jl— 'S 1 j APA\ 

J A y PC Aj jlj J5 A^S 
ji U . dJj >! ji ^ i—i C\PA 
Mr.or JCa) AvCPB N -> l *r 

AB\PC\ A-^_4$" j l^>* ji V Ay ^ 4 A^B N C J A\PC *uC 

A\BsC J ABvC^ jiC.u . JJjt\ji r * if QBwAiCvPA ^jO jo 

cc^n^lja .a;*i!j oMj ^ dly A n j B\ 4 C\ aU;a- -uyC* 

.o^ia-CCi Js> p Alii; £*iu 

ABC oM jT^k; ctA.« Af J-iU jU»- P aU; ^l 
j ABC ^ lS^a^C ji J-B P aTo-i ^ ^ 

o4>*J^ JVj.wI L Ojy Jit Ji .^jbj !J A^jlj jT-0 JfU* 

t vl yb . 0-1 .olj ^ Sp A-S' J- -Ulj^ apo; VL-i JVa;-I 

;o« ol 








^ ^5i.^j\b)\i vS^a&VS^ ^ 

A2»m\* )\j2i^li* ^^a** ON <S C*.«\ > ^>V XX\-> £--^3 

• .ikj^Ai 

«XL» oTaj o ~J Jyj» aIsJL' ^ jT Ji $**P ( $^l 4 *’ <3'J ^ij 3 *" 

^Ia j \$* i iL*>» a^L a*«Xa a_j ^ ^AV — \ Yf A) o^l: ft/ 

f.J ji aL>* f n ^5” 1 AS" C-** i It t A_/j*/ jS^^Aj .C~o 4 o>!^ f t>J1 

: JlMj a)Xo 

toi^r^A^ w pr^aa^ ••«f a i* • • 


f n -\* fo+K— fJ = (— ')” 

<.X I ^jc£J ^^JiA o^l jjf tj aS" d-^l «—jUa 04?-^! 3 f 

\ V<\ V I «Jd^r’c^ 5 ; A>'ji .c*-a> l ^lei^^ jtS^j jl* t ji o 1 Ul 

.C—o*1 A-3 £ f Ui/1 


lg*o j&) 

->&(\‘A.Y) A*-s<ai y t aS"^ 7UI If tXiU 43-^i;^ AjiljwiiA — \ 

I JB l,tf» o IS j tj ji 0-3 j 

CA <jf Ja^U it-jUwi o.lt* { J^-^ i oyjs 31 aJ taw flOS" _Y 

?JLi L ^JMj 

OJ y^tjt I^Xitj £_$lj ^Jas-^I aI aij AS"O^f -t 1 —\" 

?C—o' I f I J5"is>- I 

p aLS; j! J 0-*l oXi p*o AC -5 AB t5^l^ A Aki; j| —\f 

0 a-5> AB jCA 4 BC PC n j PB\ £ PA N 0 ji^j? £*\j 

1 Af SjS* Oj l* .C^o< I 


PA^ r -PB^.PC^ 

f 4**39 -J'.f 

.C.ijJ Aj^j'^j j A; lAwifl ofJa>- (j^f ^“31 diU^lb 


1- Robert Simson. 

3- William Wallace. 


2- Fibonacci. 
4- Ptolemee 
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A\B\C\CS- 5 J , * ii A$"j.^jA D(ib*B 4 ^ . Y ) 0 i5s-i j Ua oji; 

4 ; Jj5 pAjli tal 4 0-^1 fij./! I Ji 0-^0 OJjs<? 4j ^lal £-s<3J 4.1 p aLaj j *] q » 

; (*:j!i <jp j- ^ * c ^ uIcs4*Lp ^Udjla/t ojlij^ 


BsC,= 


a • AP 
rR 


A,C S 


b-BP 

rR 


‘A n B s = 


c • CP 
rR 


•o-‘, --A-iB(_5< A\B^-)-B\C\=A n C n 
c-CP+a-AP = b-BP 

:j5\o 4 j 

AB-CP + BC-AP=AC-BP 

<C-wl 4i 4,S^^{J I Uf CO-* 1 I J»l« ABCP w-Uil** 

3j—^V^sXca J»a ^^JSeJk C^^cAsc-ft ^X^cs}^!^. ^ >5) *-^4^*1^ 

•^a£3i s—-y^^pVaAi \^ 

<J-3.5 At oljbj-i JjU Ul < C-~-l <_3.iC> l>-Ji bb? jj,*.5\P 

01 <_$l j* i «AJ»Ui A\C\ cSJj B\ jA : c—^b a>- y Jim j 

A n B n + B n C n > A n C s A^+B n C x ==A x C* ^Ua-L 

IC—ib OJj^) jj'Ui -C->- b fj-^* l>* 

AB*CP+BC*AP > AC*BP 

bAs* tjib i>\ CA bw^> ^-s\3 jb- vS\b».iU p -r^r 

‘•^»>b <xA> j42?c 

/*£ * CP+BC * AP>AC * £P 

<u*A$ oUl 45*" ^ jl»** oUi ja L^S" *J3+£ 

Ol OjlJi J 4. ^ aJ j*a.**J CjLjI ji *&IaZ9j£ Ap^.S ^ $^*P J 

O I c (4jLUj 1 diUx-lli^ ^ j^diaj b^i# Uait (j^ U.O.-J 

;iAJhtJj 

4i-?C . «a>a (bail t ?*Y) j* U>- ABCD ab-fr>- 

al 4r c*^! ®aa» la>- Aijlj U B n 4 d jij j A x 4#jl jlf jj! jj A n 

AMB «^liJ jl ,C^»t oJ^T JyJ 4.1fl5i A»^ij sj jX~* 

: *j*l£* ADC -? 



£&• Uijli J 


SA 

DC ~ AC AD 1 ' 
AB-DC=AC-BM (r) 
® + 1 =»jj ABC j AMD 

C'ti 3 £-Us> ji <-**>&■ 

i J Xfy liJU £mJ \*J? j I 

:c~Jh 

BC'AD=AC*MD (r) 

J (y) LsWi-jC; ui>ji £*■»- 3l 

UiT^c-o, (r) 

AB • DC+BC AD = (?) 
AC(MB+MD) 

4>jlj J-ilj /I 

:^Lf* (?) J +V t s " ,J DB isjj M J ojisJj! C N M3 >< ABD 

AB • DC+BC • AD=AC • BD (£>) 

) aL; l_)3D MB+MD DB "**+ is^^ 4 l 
AB • DC+BC • AD > AC• BD (?) 

:j./i^ c_ ”^y.j (f) J (d) l5'*+C3I 

:c_-1 jTjkSj.a 

AB-DC+BC-AD > AC-BD 
xit.jljije (a) +tj ABCD 

JU) yr j\J J* + ) 4k;lj XiU Uv« J= jl^ + I I j t 0*^1 

♦ O** 1 1 j9 J >Ji 

j\ J <Um23 cA;j! (A-JJ (j~ j“& C CS* 

[o jS ^ fU»/l L 

u*j 

(C*vj! aJLi oib ol £-.*1J P ABC ^ 





6 * 


^ — > b 4 C Ij *A— U lj O^C* ^k, o^j C,^l O^'^jj P I t—«**•>• 

.'fiJb ^ 

PC+PA-PB k PC-fPA>PB 
. xitj A BCD *-t j a ^k^*<• 5tj? j l CD uC^^jj p o jA _y 

14$"" -L.iS^C -j If 

PA(PA+PC)-PB(PB+PD) 

j ,5^J.—s'A j) (^U^b .o—1 oili ABCD —\* 

. xS'^a ijQ j R t P jj c-*V ** AC ^ -* AD -? AB c5 l 4^ k 

oj If 

AP*AB+AQ-AD = AR* AC 
^Lo:> ^ UjjIj 6^; j& APQR D uVi*^** W3 : 

.a^feiU^l ABC j PQR 


,C^ I J A***i l— l^J I j\ J' ijl-3 



(^f . v-r J c -) 


Ja/ja lj ABC J 3 ** 1 * p ; 


ojl) J& 4^)‘ —Y*Y 

1j.avJ l>- Jas^ 

A$" t (ija) I t V-r) k 6i^ A 

4$~ o-l (<Jdl 4 A-Y) J$U 
iUi*! !j PA^ jl 

Ji 0-1^ ^k^sx* k ^ 

lj AU J o—I Oi 2J Jr 2 * ji U 
J* .p{!oi jS J 

P B,A,C j PAUC 

PLJA-PCA 

^PCBs^PaTBv 
-k^ k AU L^Ui^ 
.O— f ls^j a A\B X C\ 

4 p aL5; jj oj!>U oa^ l 




Cx>~ l*—J If J 1 5 If 


?0 



|j4 HjJu 

Aj 4>- y Ij . 4**j U. pA Ij 

^I—aaLIi' jA i; 45ol 

-?AU 4 «—■*? j aj P 7 j P 
<jP c^- AU 7 

UAU 4-jjlj Ij 

If UU 7 uur W. . 0-1 yfy 
j7j ji IjiJ Ijf Pp 7 oL.5" 
j5Ci 4 X, jl^ r *[; P'U' J PU 
: o’. ] j‘. [: ! -(v‘V.Y) 

P POP' 


IpJ^jjJ&J i j lA4jjlj $ jl<-Yi* I J AZ& j£ Ij 4> t jLx’ fil5*^AJ 

UAU'=y UU' = —y PP' = —P'S?' 


JO— I 0*J— 0»f [* jj J 4 a-u2? ^%j fjj tlj 

P' 3 P 3* ^ ABC o-Yi* o^i -W r V*® 

• w«A PP^ £)\As\ yjY *)\Ai\ 4.5 

-k 9 " OjJ*3 jjjl { Jj 1^-tA.J Of 1* {jIPj— Ij Ij oJiU ^l2*5»«w0 S^fli p olS^jA 

Ji I j «^db U 45" ^*“- s Yj ojU^UjjIj op j— ^ A 4kiL» Jj=~ AU 

J* 9 " t**jf Ij «jdb ia-^ ^15 jji JLlj p 45”^:£> j j t ^jU^j^vc p o.S"^>- 

^ a> ■ ♦ 03 A I j>- jlj3 o-^J-i UI i j>- ^aaa^^ej* i!.A— >Ij,> AU 

Ij 45"o-l ^/jU— ^:>j.a jt ^jj j xS"^a jijji jX:a ^jZy J j>-jJ j~.a- 

Ji-U jJJ 4 j 45" Aj^Za (j U; i;jf 4j j >l- 4 j ojb ft* aJ 

J* J to Ij 1^/15.* j*x> ^ji I jl jj ^4 *\jj— 

^4J5Ci jl eXi J.*15 ji 4_5" pj jS ^a J& Ij i V-Y) 

^pu-ji jr^. h ^ P ji J-5 Ca ji\ ji .juL^(uiii t v.r)j (o t r-r) 
HQ jr^ .o—l ozjf’ijjsZ.j j Q jjj gQ 1 45"o—l o*\— j*—j PD 7 J 
jf HD 7 -? PV .0—1 0^j5^ £-^3 V U PU U-^l 45"o— I aUj p-j 




V 1 * jiJ 


QPV s QHD' .o-^l BC Al . H **iy D r j JoBC 

A p j ^iU 

BC A f c~~; D f P *kj HV 

: j j>rj o*-! 



(y * v r jci) 

V 

6 C 6l_*- ; (^5'* -k>- oO^ 

t c_Jk* <_£ jfj^ jl 

JaA^j jb UvA. 


*aAJ a) 1 j>- 1, 


D'HV=PVH 

=dw=d'au 

Ja^ L AU ^ HV o~; 

. w—" I (_£ J I ji— * P Asfij j^ai ^\~aaj 

4 -f 4 A\ B\ (^*1 ‘u—•!*>■ o*. 1 
cs3i^PVH xtJbjl HV ^-U I- 
uJlUtf/ lj 61 jl PV Cs3 C-w^l 

<Jiva/jj ij p]4 £-0?« o-^l fijS" 

; lK 


\) A.io.aj w*aA 

. ^*p 3 xilA** 

ckLii>’ ji J,Jj \*tS Asr./ ! 
-J (iijJ 


l^J.3 

.pi jS ^ Jai J} Ij^ks ^S|j t C-li« 0 j{b — \ 

o^jlj (_£JJ Ij^SCjJlSvJj Jo pAy aL*; Jjj ^5 l^k>- AS" C-J l? 

,^S ^9^Aj c-ii* 

(_5 I A±2jiJ P J O.*- I j? ^>9 O £j A A >. oji\ijz ABC cJi» _y 

OJ^C 1 * OP ^ U-i Ja vj J j t p jaiijj Jas^ A$”" Ja.I 5 ^C-*j Ij . 0 *»*i ^pj! 


Mjjl 4^9 -A.T 

;paj t 4 /Ij^j aS”" o^l 


7" J 2 * UtV i 3 l>t*> I 6 Ak*«.« Ij 61 ** 


4*»*X*f& 0 >- UAJ b 3 1 


?r_ 

l ^i.X ^ 4? jl -) J Aj i 3 C}-\ ■ i 6^^** 

CD 3 AB ^ PQ f$ ^-»3 M ^ '•o^A* -V<A*f 

• Y 3 X PQ BC 3 AD v3>V&^3 ^-“*0 \) 

.w-^\ XY ^3 M ^iSwAi 

jIa .c-^t aXJ ajIj) 6-X^^jJ ^/V^is> LS^l*, U jf <Uv29 ^ i j) 

^LaA-IjJ J.3J i Lfla <L*M:>c A 4j o-^l 0-X-5> jG 1s.^> y J X J3 X jl 

6$Ji ji J J*jl ^Aa ja J.i Ji di> C^lo-X-^P 4 f) ^ ^J1 J*lS I ‘X<U>- ^d 

A^jS ^a ^l>t/l jij+a .1 A*-JdA oljji 4 w29 6^ a j-j (ji ^“aU j *Z .(c~**1 
J 1-m» j,a j**aJ b Uxj Jisti J I Ul <JU«*y ojj! jiUS ^^AAjj 

.o*«^ I 0 G I 

*( A-Y) J^- 5, 4 c* Ua* 

YH = y N j XE=X\ ^U^p 
-? XF = x t AB ^ D 

r -> CD ^ lj YG-y Y 
4 MXE ^Gijt (_£ a 
-? MYG 4 MFX j MYH 
BYH 4 DXFjCYG 4 AXE 
3 PM=MQ = a o*A ^ -> 
:j*iJb MY =y jXM = x 

x _ x x j x __ x y 

y y\ y Yy 


x^ = x, # Xv_x, , x^ AXOCD_ == _PX 1 XQ_ 

y x y \" yr ' y T cy-yb py-yq 

(a —x)(a+x) a x —x x _a x _ 

(a-f y)( a -y) ~~ a x -y x ~a x ~ ' 

. 0.-1 XY Ja-J M ts^-i X=y O^W 

1 - W.G.Horner 

<U«A.^b Jj| 4U,* jl eoUzMlj iS" Ai U « 4*^13 e'G jUlTOU^ ^4, — Y 

Ol^jJ .O-wlo^Xi j,OJJ j} <-f>W 4P^j>.^A))Ji 4I3^> 

.<0-wi o'Xd> c_)U>- 0 ^~ } ^iUj a1>b^ lAs«? Lo-iJi 0 ^ "* 





?r 




b PQ j^f y* |»-»j b BD J AC tsW^ ( A-y) j£- Ji-\ 

•c-l UV M AJ'aA'op; .Juir^ks VjU jj 

ABj^-fr 5 " «■* ^jdy.buTj' C PB^PT P jl 

0->*^ ^ TH ^3J>\ AP ^ ^ ■ pi*^ LS^f" 0 -^ Ji ^ TH 

4 BC X. j ABC 'tJz* o j* I 

.zjj£^ AX A'l ^ ^U i aj-L BC Ja*-j A' 3 «j>dB jP 


^ \^ Ja-> Ji \ ^ o y J A 3 J-*.>- UjUU4*o J^Aai Uj l(_3 J? , (a4am 2? j 

C—~*j J i_*>- ^g*-J5s/i <_£l jj Ij4 ;v a9 jjp I-VIj I (j;j .J.J> c*; l* 

03.9 1 <^_£.iY f ^J,?x/9 4*v29 0-^ db“^ ^jjl.93 «0»>* 0“^"^ t (J i—^ 

0 ^i a A 3u! J^alo jj ^sji £r->3 ^;p^4 j> U>e^ 

olj 4^.A> jI^a; AS”" ^_j:? o^--^ 0^U-<j9 ^<Y^ls» jt .9^ JjP jl £ 

5J>- C-«*>s/ j4 J J3 Ljp j 4 jIA C$l jf 0£j*XJ 4 i j O * 

OO^LS* O^ JJ-* J?-dl J «l5s/ I J 4*^3 

CA <X-i3\) *& ^.iS ^.*0 ia.iL ^.i 3^ ^ vLi.L*> ^2^3 ^£*3$ 

^4 )3V>ia iaa. ^*i 3^1& 3)y>-y iV ^ ^iVfis'i.ia.ai \. w«4**.a ^ *.4 \) ^\) 

• ^ i. OL.fci^A ^*^>ci S ^\ Si C j 3\^ji Cxi \^* ^.4^.1 

j \&xj I j l; o'•* j» jC j -31 

T3C-*f 1 /jlJ ^ CU-^! fjV 

jY‘ Z‘ Y ; 

j£js <& Z’ 

Y'Z^ZY-YZ' 

YZY 7 -Z'YZ 

=77 —V a > — 

r 

.X^lj Qj—i C Jj-W? 

(^{ t q,.r JCi) l -? A 4 <jC-^ oJ^-* 



)- Frank Morley 


r- M.T.Naraniengar 



ojth d\«Aji }J d*l Y'AZ' = ro: Y'z' ^ <-»> Y 

.0^1 £9lj 

Z YZ -? YZY Jj i (uii! t ^.y) ^ j;tk* 

r *4 OYZ' j OZY * OY'Z . a;;f^ O 

*n ^ 

• c—*1 —— cc L$> ISUpUkj jjUw» is 1**^1 33 1 j* SjlJi;fj UJ i^jL:,* 

fji 1 .w\**9i_j O j* 4 f o j>_ By Y f -? Z 6 Y i Z^ jl^.>- ^,j !y Uj 

jUr^i cc-^l Ya t Sj^y A iJ'3^ _j^jj YZ' -* ZY < Y ; Z 
4 A 4 ^; ui l j- l; - • c "*° l fa ^jlj jj^j^oUS"o^; Y ^ JUU Y'Z' 

y jUf^yl^ «a-i A'jf ^^ j> 

< ( ( '7' t ^*V) (jj lia* 4**^? CjU*I 4* p5 ^ylji o^lk^lU jyS"*! 

X -? U *k* I .A^r^y \jj ojlj 4.*m &,) I j Q J B (_glfc4>J3i j 4$^^y l^.Ja>- 

sy^ -0.**>i j X ^ia*/ BCU .wUlS"^ 
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ij Z 3 Y lsI*aU; BU j CU cs^>-tsjj -o -i U *;jIj jl—j j.j XU 
r«' *; is^Ajjij j XU if YZ' j XY ob» 

YXZ A ; jij i,^3 XY = XZ r »4 UXZjUXY^I^J- .^iL 

UZYc-Ji< jT j; o5U .o-l XYZ vol- I ^ O SjIJj'Uj 

y/J j Yy V jd' j? UBC 3i ^t^oU/l oj>- j o.^l 

,o^i y+jS ^ji^jd UYZ cL-l^j! Z Y cs^^jijji o3U/f c—^i 

z a 

A + B-f-C™77 aSwUj, Uj A “Pa U 

a+j3+Y=y ==>■ 0+Y = y-a 

YZU = —-a j XZU=— -a 

r r 

CZ' = CX j BY' = BX AS" ^J^y. |J Z' -> Y' U CA J BA cjjj 
< -u ; jU, CYZ' j CYX 0"^ BZY' j BZX o 1 4 ;a .xii- 
Y'Z = ZX = ZY = YX = YZ' 

j o' v -j I j. p.—*lf j-. U;! o L^USC* BZX j BZY' cS ^ Aj _? I j 

*(jf Uf ^ 

UZY'=X'ZU=—-a 

r 

YZY' = YZU+UZY' = (-^- —« )+(■“—a )=w—Y« 

a = — < - jc-J w-ra Ifjf'jf Z'YZ A-jlj sjui 
r r 

\ Y l Z^ Y ^ aIsA/ 4SY 4,>t A !I/ uAJj C-*f L> ^.*9 AS"* pi 4 j If J;i 1 ji^i 

*? c^l a4 £ j)3 t'jjtjj YZ f j ZY < Y'Z <s^j3 *&*9h ojite A 

C.*-§A^4 j Ij A *dJl3 AY j AZ < 5 ^>- p.*/j A cr-lJ 4 dJ a o3la/i 

^*A*J j L»&/ ufij Z J Y J X aU5; <o tjSji t** j J I ^ |-^a^ak; pA Ij 

^U&aIzaj 1 ^3ia>IjV! 3 I 

. J; lojj ^f I j> Af Ij (^IkAJjljjl jA 4.$^ Ij 

V Ij CX i KL 4 ^-Y) 

.xfijj+j, W ji lr >U:*\ Ij AY j BX <sW** 



4wJUAs C^-UAji) J 
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i (J jij^J %«>X* Jajj I 'j JCj J 15> VVZ -? VY J UX [j 

.(juib^.; ^^UVi^jU> UVW ^ i^cJUjiur .ju;l*a xYZ j UVW 
•‘A-i’if i*ku AY'ZYZ' ij*^ A ^ : ii ^ a>- ABC ok *—y 

->Y‘Z‘Y' AfjLiSX^l; Ji-iU ^!sUVi^ji ABC Ot, „lS> _r 

^*C£>-U>* I j! ^ ^ IJ A 4 k/j pki* ^xl-J’ J;>- tdL Z^ 

.^1 AY 

^Ua^X/J O^J I ^ ^ U-i R j UaajjiJ ^U 6 jla;l ry jrfijYa ot §j*-f 
R sin OL sin ft sin y • ^ o*~»l j'C-^C^' t^-b* ‘—■k* J A* 4.5^ JLIS^c-j. l*<JLi Ij elk* 

Z j Y'tfk^-*JLo4 f b Z'Y' BCZ'Y' J ; k~. j:> _a 

X .i?> -Z'Y = YZ = ZY' ^o; 1 ^ Sj1< 

BZ -> BX tsl^kai A_r a.Y c-;U c a» a J ; SY: ^iUVI^jC:* u ih. Z -> Y ^ 

ji Ajjlj 4 a* 4j Ij .jJaXw^j * B 4 ijij 
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I J I 4 $^.■‘*+S\j I J wLS"" .J ji 1^*^./ o I 

j £*.j a ^yT a 5C;T i; i djS \s ij u^j j Uju»Tj c^ij^j'I 

• •X* t J^ 0*Xa>lO ^I$0 (jC ^JaIo^mh^ 

C.L.Dodgson o~ f 

hsjij^i a^jia 4 Uo^f jl^s-ji l^:L>jl 

ji* ob* ^ 7 * • p;*^ yO s L5 :> - 4 ^aI^j^juj;, 

Aj l>t*jlj^ Awa9jl^>- I i U U! $ *Lib Jj b 4./ ls^ I «-X>~ J>" ^ 

^JPA.** ; C-A*j>Ji .i^S""oj b J.^151 b Ij l^/* l£)l_p^'' > 5 ^iJ 4 iA-i b ij j^,« 

<UA - J -> ^jj l^;Tour jl»3ji aS"x;^a ^^jijji/T Ua^ss ^iji 

C..* lw ^(MkAj 4-JJ ^a*b t6?«j 3 Jja ^ U4^*25^. j I 

<_£jL*wJ3 ^^b 1 >l. j I J! ^ J$s9 aS**c-“^ ! =AS* <Ai Li AiUS* 1/ sS Aj ! ^ j 

t— jjU;.« u^s^aa Ij {£j\y** c^^^ 25 *" ulL$:J U-jl 


L«a9 i U4£ jFj\4>- 

A; Azh jJ-« lJj O^l J;>- <r o>j 2$T jl y ^ 

^bSw ^jl;la <^J^ AP^>»^ J 4>:ivP sib 4 j lAAka/ .^JL^ Aj ia> ojb 

Jjl^ (J^lj 4*« ^A 0^>-Vb 4 S*S -A5Cj» 4j Ij JjU,* ^1^1J l^alkj 4 *UA3^ 

^IaJ—j 4lw,5vi Ja^ ^xi*£> 4 J^iO O J bpA j , b C^- 4 1sjA J j} Xj 1 ^7AJ 
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J \£JS A f 

C^l^f J£~’J£.C?£^. c$ljl^ rC.J Jh> A^^ 

_> l^jdv? iU*J fUj) O-^loCTjjjl A$T$jl jSkl;^il Ul -dj^J i>A:> 

.p.^1/^ O-ik ljul ^'L>- i C/«J J_4-**.« ^ tSC’ (-Vj U l-a-J Ij^jl^-lj 

^ 4 f a$" ijj^jl^f (Triangle) C ^ 1 ^ 1 ^C- 4 ^ ;, ^ J er^ ;I <sk ! kjJs 

4.J> J* |«►* J>4t iS^ji ((A^f ^ — -U0) 

‘i C*A J AJ>jS" ji-^>’ J;j ‘rAT^jIji (tS^jjlj 

fjV 4 JUJt'L^ j*jwL-<* a5vL .jui.~*s oiD e-A as" _*,*«; 

OJJJ& ojli^ li AJ*^AL^Ijjs a^o-I 

sj j+L *^1 j vtliji a5\/Ti ji J; l*« liJjU-o I J> £-C*J.5 4 A-i^f j l^Ji 

£_\j? di; ^JJa5sj ! c-—>-j; Ji tf, D t/'Dji .X^Lj L Xdb 

jl^>- ^U^k? x.'S' Js<s>j ^.aa» Ij JjU^ Ji aS'” l^k>. L xjA ^.slj 

DA j CD t BC t AB :3l ABCD **£ j> \ ^*Jb f l; a-/ 

jji ^Ujks . c-^i Jj is* cd jjW*-° DA ^ BC ^ AB 

.a.ub ^.0 B D J AC A^fjl^>- 

eJUU* vujlil. ^U^Alk li Ct jf j 4>* («JsJ I 4 \.Y) J-5 



(uBi * vr jc-) 

Jb£i ^l#>- 5 c—! *od OC D.Caire } R.Deltheil Af^^r aj.Uj -1 

jl Ar^jj^ji i aW> A^iUs'dA 

jia Jj»LsJjCi a^a^ ^jU>- ^f.c— li*> ->U>- Ji a5" 

.3jb f li Jj»1S' l5 aL^jI^>: aT<A i 1 ^ 






j\J tjT joT jL5 j = ) jjf <. ^>-31 <. Jjl 

^JIj oio^C?* o.? ji>js J»j^h (j* £ * = )j& u> aj2 • J; ->C 

.JdfcSlj Oij I C d-**^ t (_£ 1id-*** 1 1 

^J5 ^ l^.~>-1,^.4 ^ ji.o»>c.a lj 1 jj i •) jfi' -) !****« 0*"^A L**^ 

I *Aj I J.j J.j 61 aL** 1 ^a.j aS^ d-ix* 

S(ABCD) = S(ABC) + S(CDA)==S(BCD) + S(DAB) 

ljd-3**® id*-*" C* J* s 3^ Jr^ ■) ^4^" (J>C- J J^>wJ J 6-^ I (J> l^d 

aS^Ij ABC d->-C/« {jf 4 (_s^- ,8 ^i id***- 4 *•{£ J*?? t—A£^*7 

jx> Ci Bj> A l$ 4*^ 6:>Ai?c^ 4 >- elf jA ^ A;dy g(ABC) 

p.; ^*S" ^ & * A lj j I J «Ad Ij i(d*5'i-** ) (_£ IaAj j**’ d-*S^ ^>-d-*4?" i_S**i t jfrxfl***- 4 ld-^->- 

.*Ad U ^ d^^ J.>f j A (S^t? j 9 * 6i JI 

S(ABC) =S(BCA) - S(CAB) = - S(CBA) - 

— S(ACB)= — S(BAC) 

IpjOb (<J:]!t\*r) J-^ ia-J ->:> £-»•-> j^U^f j 4>- ^d^'ui 1 If 

S(ABCD) =S(BCD)+S(DAB) — SfCDA) — S(CBA) 

-S(CDA) + S(ABC) 

ji ^ _j{ ! s j’**"''* Ad ftS" Id^*" y~ ->■ lw.4 A—5^ hAd *IjS I ^j.s* A>e**J V b J U«5^J ^d 

JbJU j{ 3 I ^ L^Xi*-L.* Uj Ij o**“I 

JidAj J* «.* ^ X> B •) C" 5 4 C^A C 0> C- 4 O^jJ-d 3?_4J J A iBjl j3 o IS" jA 

(Y‘Y'0 J ( ^ a^Ij^jUI ^ij:^d ^4k^ojl i 

ildx^l ji Z J Y J X <j; IaaLa/ aS^^xHp- csi^d j>i i J> 6 ^d 6'^j-^j a : *^s 

• p**i 1J 

aS" U*i 1 ^ os U jSb Td*^! (^6f — WYY) ^ 5;^. d *d 3 a t J2* 

. sI.X3! j+>- u"4 j \ Vf \ l< jl jlidf'l l^>- d-***-l jj I 
(rt.d$3^As3 ^.SsA.i \) Ad»^)V,^<3i ^cV^s.i*Ci -Wf 

, 0-~*\ _A*Cai Cd \ A,Sdi\^Ji dids, 

^>0 IaJ Is d***'f ^ I \C?^° J d-'S*’^****° ’-} JtP' •C jl d—**>f 1.^ -1 

J AB -i=iij E jf\ \ J.J | d) o\i JJ 

•LxdL CD 

S(ABCD) = S(EDA} —S(ECB) 

Pierre Varignon -Y 
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I 3 3 > (£ Al) ^ls>- 0^)4 4$”* IA A li ^*5 AA-*ffl^^ r j I (»^t lw } ( j) 

.0.^1 -£.1*3 0 1 J jb jb -? C**" I 4 ^S" ^Ss^f 



csUAv> yii S ■> R ‘ Q ‘ P j A (‘-r’ A ’1") W- 

CBD .> ABD ts^jj A BCD ->U? ji DA J CD • BC ‘ AB 

^a*.> ^^aaj £.istf>4 I 4 i ^j-s* 3 J j>*4j I 3 (_£ C^'“' 1 J 4,5" {^R -9 P S iS ■) 

-? PS oj4j^ oPjP*- • “'CP A 4>' *—'&*&* 4-? -A-'C'* **** i _ABD 4 
^!51 a^»VI^ jI^Aj aSCuA^^CA 1 !^ j!j-- 4 PQRS “A jI^*|*aI>j QR 

.^0*-vj1 ^ 3~*3 a ABCD -) 

p olf *>4* c.>U«j1j A 

<i.li»^U?ji j AC PQ ABC A BC Q-? AB 

^>-L*,« ^ji^>- C4 gpQ c*-**) ABC ^-•J- >1 C ^ ^ <—CAB 

.Oaa! BPQ^ 1 - 

:vi^b 

S(PQRS)~ S(ABCD) — S(PBQ) — S(RDS) — S(QCR) —■ S(SAP) 
= S(ABCD) — ^S(ABC)—^S(CDA) — ~S(BCD) 

-^S(DAB) 

L ,jwL_> d^K&^3 OB I ..x», ,oilj -~^ A-BCD .1? _j~ — 1 

.0-1 e^UVI^il^i PQRS 
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= S(ABCD) — " [S(ABCD)-f-S(ABCD)] 

= J-S(ABCD) 

.O'*" 0 I j*> I $^>*-0 6 ^ ^ 'j jiS” “O'jiS" J l^.>- V Ij Cl-' UCp 

‘js J* X' I ^k*; 4 —^ jLS JJ YI <_£ J | J& Ji 

Sz^j YMC A* X o\S" j*> A BCD .c—»l -^^UpVi^jI 

CO—!(^t\.V“) o-A-i (o c'i-T’) J-kM* Jf Ik* cU.*ilj RQ jk* 

c PQRS 4 PR ^ o pyrx 

• a A<j^ jj XY Ja-J 


•U^ O- 



(v'l.rj**) 

; k^s£^k~»33 3^5> -f M *f V s ® 

,C,^\ \.v \)\ k^3 ^S^lpkl* 6.kaisl\i )i A* 3 ^ 

.Ju5» jjlo oj U:>» ojIjjo (jP ' cj?l A A* 0^~~^ 4 £-^ <jP 

Acs -4 <jC o—l -1-JW J>_?>- ^ jiJ O^Ccjlj^J I J} O {_5 Ud. : ^i3 Ok j! U T'-J 

k = ^ YaVfc okk 3^> \)^\ ^N^SAv- vS^> s A -TM’t' 






»C>*A y 0 ^ '^■‘&* A ycx? O"^ v ^V^aA**.* 

jbuSs^N lOJA> jSiil yCxi sjfc»e*.* <h>yi jAj&.CAAN ^3^ AS^ft> 

>yVV A.BCD 

// \ \ ia:il JjU CBD-5ABD ol^ji 

/ \ ^V o’-* ^St i(o t\.V) J$C 

V/jfs^ \ BD«ApU Ji 

y.\ j. j*"* C cj 3 AH. 
\ ^ SsSs ^^ ^ CjF 3 AHF ‘•H* 4 ^ A><.y ji 

\ j AF ^FC- 5 A^y^Pb^b* 

\ \ / AC I 1 ^*JU 


af=fc csy-Ai ^ j; 

c J CJF J AHF i-C J. tfjU 

(o t \.f jci) AH—C] tpbJ 3i 

*,« r *'; CBD j ABD 3 j! ^ y** 45" j> j.-i> 

:j>cF^ jLi Ij A^4 yj Jbj; ^3- 4**aS oy^i 

JF * ABC D ^sS)\v^)N 5^^ 5^ BC^AD AS/*-f<>.r V* 

W.A* Cj.sJw v -^AVi BDsAC yjV^ja.^5 Y 3X 3 

»w»A ABCD b^Sy^ wA*» IFAR 

J PY j PX 1 $^ 3 >* ^ b CD ^ Rj AB ^ P 

BC D &\j* RY BCD && ^ • r AV r j b RW 3 RY j RX 



(o t r.r jc*) 
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iS&f’sM ailjt^i • 5 - J ^ is* DYWR jUfr j^i* J** DW Ja-Jjlj o-l 

:^iJb (f‘ \ •V') A ; *ai 

,S(RYW) = S(YRD) ==~S(BCD) 

lO-^ I ^,*A f j*>- 

S(RWX) =^S(CDA) 

: c-tli ABCD <-5'j? o wmj a>- y l 

S(RXY) = ~S(PYRX) =~S(ABDC)=^ S(CAB) -f-^S(BDC) 

=~S(ABC) — ^S(BCD) 

: ^d I L aLjIjA^ jAki £_,*>- j| 

S(WXY) = S(RXY) + S(RYW) + S(RWX) 

= (ABC) ~ ~S (BCD) + ~S (BCD) +^S (CD A) 

=~ S (ABC) + “S (CD A) 

="S (ABCD) 

U^' j >-jl jC> ! if *CJf CiAfAAli] 

IS 6 I jl (jl S* {£** ^ aL^?U j \j c—«»1 
.U;.*i>lj C***'! J Ja.>- ^Aij{ jl^>- 

^^ R <■ Q <• p j?\ ABCDEF jl*>- ->* C -ij 

oj>-j EPQ j FPQ oJi« Ji (?‘ \ -r) A^3A f b cx-ab EF j BD ‘ AC 
v_jv2j IJ EF ^kil PQ PQ S^pU 

U y j <A.j>jZ j l£>-y j j^ij j |j ^jLsYl^jly* aS" jjYc-o \ 

•A^y j 4^ oT^ksji cS^J^ 

‘^■***'1 jil jl ^iv(? t_£ ^c j.A aS^U^ Of Ij — Y 
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<^ 4 ^-* J ; j J^lj Ja>ojl; Jjk ->J-Lha jfjl**- 4 »U>!aj UJaS t$lAjjjb*» &J+ 1 ** 

• ^*3 ji 

1 —/ CL.*") (_g Ujji^ tjOUYltfjl j.& ji JL^Caj l* —V' 

u/jjidlj JaS Jjl? d J eJpirp tf\j) jk C J b J Jjk a olfy> T f 

: a$^ c-j li c*Li U Cj 1 ^ j I^Ia 

d x =a Y +bc 

‘ ^y\>^ ^U4^f _f.f 

^kk‘ V ji l-> E .d-W *i L $\4tj^t*A 

u-E* ^ UaL* j^' l^'^-* lj i^.k>> ojb <jH ,j;loXt J-yPj J S\ i J.S^Mj dljj ^Jlj 

U| C*^ (^Iv 2 jiJ wUj | JJ *Xi\o*\*A ^\^2£A ^5U Jw\J AjJ^AjJ .5 AS^pA^ Jj,^2> 

C*;tfo*“{ t Uj»L E = V —r ,X^9|j A-i^A 

iJ>J vtb c—l E=V.= ^ 4_5 "a^j? j 4 >- Ji LI .Jb'U^* u 9l 

oljlSUf ^/^1 ^ Jji *kl y^ A jlAjjljy* J j,,?4 

6 l5 j*> ***1*^ (a^X^S) I j 6^ J^ A j^aj ji ^UaLa j) ^aISlo j ; ;>. .ijb 5 
0 O I J i E === ' \f ■~ z y oJ k- i-\aj l* c *\*S l-gj ^2 L 1; O i c5 k g ■ j^“ (^kcj t *U 1 

•$-3ji 0 I 1 _0 <jt (J? ^aLa jl ^5 \j 6 j^i 1 *AaaJ)) 

V* tSl^* t Ul ( (*jV .kyi. a5"c-.^) ^jS'cajI* wL* ^jj aj -'^*^5 

O I < J" yi2 *' a j^ A ^kAi 2 A Oijt; (—aE? 

E^YV-r 

c5 4^ ^ j*£JI ^ J 4>- ^d l J V ^ ¥ J E = & J* ^ J Ik (£ ! ji 

ujk Aj Ojii Oi t? J.^*i A-J^—S* j4>- JjJ.1 ^ Caa*)| ^jO.>*.L.a jj sjt^ksdi Jjk 4^1^ 
t j0.>%.XA J& 0 I ^ks djk t p,;^j J,5 sj jUS^I J jl jkj t>ll,« I U| .CaaaI ckE^SsJli 
.Ca-^JaI9j (jidjl jltlAAjivs' OJ b j 1 *>• Ji tik AaJiJ 4>- OJ!•*«!> 1; 

jl J^k aSU'T k.jJ( Aj (i J C { b 1 a ^43jk Aj Ja>- 3 J»Ij ^ 

}>\*Za j^ lAAAi^S* S } {.$* J‘S\>'j m S' j5\i m 5 iapd* frjU A*rt ^ 4 J^k 

^ i j I li jl t UO^S* j4?(ji I Ap-^ U .CaS^L- 

: ijJi a>*jj \^ 0 ^4; jjI a^I U i£ iLj l; S \j jT jl JjUa Aijljji 


I- Sir Horace Lamb 



VA 




1-JjlflXA ,_5 t^Lasi- — 

"^ij? 
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e. 

'A 

1 JJ 1 . ^.ji.A 1/ 

LS* Jab* Ij 

Aaa jJ jl^j •Al^ljoji 

b jf^ljjl4>-. 

cJ l>- 1 ji 

J 

> l fT iji j j 

j bci 

• (*Os 5 *cr 4 

n J 1 b 

^kUsA 4^-^ jl^- ^ | 

o 

l> 

1 

f J>> (j I j 1 

I J aid b-l-*-« 

J piJb^gA 

0 l5s/ O-f b~ 

Ij ( v >- _■ oJl 

‘ r.r j£i) 

•JLiUiJ 

Jr 1 bcl ^ 

:a l, ^jlj 

4 A ^Ai^Aj 

l| v .S jU>- I^J^tAj 

^ ^ j^* 

(ia^J - 

- <Ja! Icy. 

• r J5di) oAl 

j>- Ij 

bead us 

ials^A 4^>jS”jl^>- Ojj^Jjjji 

J 

1; oi 

1 Ji .Jj-l^A 

m 

i jks J 

J 1 oUa <jl jis9 

tilj (Jjl? aA 


amc d-ls- U ^‘lI j bmd 

^lA^ki n J m U cabd oj^ jd jit *]y^ 

.(c^ij -Jii r.r J^) jT 




(uii( * r.r j&d 

:j*.ijli ^ j^-dlzj <-m 29 4.J VIf ^laUtA ^UOjS" jl,£>- Ji 

In =ac:+bd J ml = ab+cd J nm = bc+ad 

7 >\j> \jA£jf jl$>. c~=*La oiy^-A l^j’TjlfU^Ajij* a; jj>AVl ^U-U^fjlg.^ 
lJ*a ji ^j| ^I^a-L^a VIj iMS^o-J’b ^b 

Jf .a/jb yjji <^i.4*>*tw» VU 4j-^r jlg>- ***' 4 c -~*' , 'l o-^'U o.;Ujf*iiu 

. b ! J^* J 4*v29 j^aj ^a 

jAi yCj\.i^ ^^&c.a a ^a.sL *a» Av^v -Vf*r 

i.i)\i ^^JaA^a \jkA.^»^S A^j. ^i\ 3 OaA«i ^cAsca AJitafi b\A^ A 

v^VjbfcA^V A jA*Lfc ^a.Ai ^^cAsca Av^J* n!L>aA».A -ts 

:^S\0 J>zj 4j <Wa3 ^j.*! ijjbl J <jbf lj£*£ •CJf^^btib] 
OT^I^aJU *-**&-j* (J& ^nJL^jl^ ija?** »jib ^ UiJ c^LaJj^s jl 

s=/ (p — a)(p —b)(p —c)(p—d) 


i^es> j 
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V (ab-f-cd)(ad-f-bc)(ac + bd) 


‘^1 ^ AmJ fU5"y» : 

^ 4$j ^[t 4 ; 4^4^ l- 4 o>-L» ^Um ^*1*? j'^ jjp a**> tjI jsj^/o 

[ . b j> j j> ^4> Ij l^/ | 

3 b <Jt'-~*^ x - i C o! i£ 4*1*3 J/i <^-~>- j) ^kk*^ aJ> j$ J i^.>- C-*>*Lwa jjjbj^vO 

C-**^ Ai J {j* iS^*~^t A 0 4,S^\.£a^£ *AJJ& (J I J.**? Ij J J jp 

* 1 a»A^ I 

d 3 c 3 h 3 a Af,* -r*r-r 

‘•^^^5* '«*^**‘^ >~>) )\ OX w2w\*-.A A" <• 0\ ka.VSe.ft ■*_».»»* 5 J 

K x ~ {s—• a^s—■ b}{s — c^s--d} 

{ ^ ^ ^ 3 3 ^ a J 

a 1? . c~**< i o bl** j I c i L£l* | ji^;*o 

3 < b -? a ci 4*1^ ii E 

J ‘ (1 j C t£^*u i)^i* ^Ij F 
cr"0 4«.S" -i-ib ^jk$ J^k n 

J*?j 4j | j J&iji 

E+F — 7T J\ < ( V 4 YT 

: 4$^ Jj ) ^.*^j 

5 m E = sin F J cosE = *— cosF 

.•pijb U! 

n Y —a Y +b Y — YabcosE 
n v = c v + d Y —YcdcosF 

I C-*** 1 1 3 1 3 " 3 ~ i m / u, t 

a Y + b Y — YabcosE — c Y -Fd Y “f~ YcdcosE 
Y(ab+cd}^E-a Y +b Y -c Y ~d Y (\ -Y-Y.Y') 

.*l*djb o j 4^* b/4 {_£ 1 ^j 
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Y Y 


(ab+cd)«tnE 


Y(ab+cd)«'«E = YK (Y — y • y*v) 

*x*j jaJJUj jj ulj? 4, Ij (Y^y.y.r) j (^ —y. y.f) ^t^jLJ jl Jid^A 


Js^k v O 
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Vj iS —. £** Uu.j f iCtA^IacJ 


Y(ab+cd) x = (a x +b' ( -c' f -dT+'*K' r 

^K x =-(Yab+Ycd) r -(a x +b x -c x -d x )' t 
\ ffO = (Tab+vcb+a' ; -}-b' ( —c' — d T ) 

X (rab+Ycd—a x —b x +c x +d x ) 

= [(a4-b) x —(c — d) x ][(c-j-d) x — (a —b) x ] 

= (a + b-bc—d)(a + b —c+d)(c+d+a —b) 

X (c+d—a-fb) 
y s = a -Jf-b “f- c -f - d ^ 

\f-K x = (rs —Yd)(rs— rc)(rs —Yb)(rs —Ya) 


K x = (s - a) (s - b) (s - c) (s - d) 

a—h* a— > 1?ji j a j j t ^ jU;=a| (j - " ° ^%jI jo o l s~ 

• A 1 {jj'* 

[ S (A BC)] X = s (s — a) (s — b) (s — c) 

\A3 (jk5k,> U! o-*jI y o (JL*^ \)j I 4 S'<X.>^j& 

c s^**> i >i/> J.S" jl l>-£^/ 4 j JiJ ji j A i*j UaI^jS (_c^5\o 


k.:i.,&s ^£..£Ai ^k\s>;* 

^5 ^iA&A 5\ )\j^! 
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i ^«w-> 4 y.r) 4 Si 

o^i ABCD 

P ^ oT 31 BD .? AC 
BC PH ^ p*s. 

X ->■> D AD -? zj** 

• O'** 1 ^ 0 } 

Ja^j X ^ oDl c5 
4-X 4 C—1 AD 

r *A BPH^XPD 
r*\i ACB i XDP 
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• XP — XD J> J d; ji\j> XPD ^ XDP hi\j yJyM ^ ; y ] y. 

■^XA=XD : (jt U- ^ XP — XA ^ (jt'Z?** 


o ji\i vil> jj o^l d 4 c 4 b 4 a <J» i M*^> <jU*ju;) j* j4^" — ^ 

j| J 4^" fji I O.?-L*4 R aS'•XJS' £~*j l* C^l JaU*,-* 

•■^i ^ (^ A ji J Ji 

K Y =abcd 
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‘ DE ‘ AB is 1 ^ ‘ JU - 11 ! 4 _.j12^ Q j> NE ‘ DB 1 AM ish^ 3 P J1 NB 

?c~ 4 b JLiaI j>- ,jd >3 *>■ p-» *i c -r-' NM 
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D : V c p ; :v-_-> c P ;La)l 
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£.31 J ^Juinijs A>ik«P i^JJ C-—I ^Uka> P’ J <,J3s\^y kplTviS* jl ^J t>- 

^xJU- ^\y \j J^*|j .JUF u-oUl* ,J^J jAfi ia>-Ji 4 A$" JaIS" p-O 0k>* A 33 * P ji 
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.J.-iU^ i 7 5 \o 4 ./^?”^^ j! y llJ> I ^. 1 $^jjC 
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1 - Blaise pascale. 
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1- G.W.Leibniz. 2- Forder. 

t^l&i^ L ^ I^ia^-O^L $3 Ij^I ->i aTU -c3l C-il^JsU 

jA (_f Ji ^<C—l »A_ o^-oj 
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ABCDEF ,/-* jJi; 0>^*A> W. U N^M‘L *W ^ 

(S^ji LTr 5 3^{J, A O^* 1 ^ LS^ cT^ L Ji c * %a- * A ^ ; cA^ k J c 
l^las-^l 4P.0-*>*b Ua)_j>- i 3 s ? 3 (JlS^lj Ja>- jt<a*7 ©_^>b *^l>^ aLa/ 


C~**l J Ja^ <ihj* <—iJ lii* j *A*ijl2*i« l$ J * I jt 
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4J19 ^r ^ L«1 I JlCw U ^ bi t oD (_^ I jr\ A^c s lj JJi aT oCl of J 1 -) 

j* ) AAA ol> (Theodor Spicker) «-iJ U a^4u& 

obS^^I (j^ 5 ’° '—'C lj <jJLSC!a-U t-j bS^j-Apt/sit .iJIaamS 0 <Aa»' «tAjb 
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f- William Braikenridge 


Colin Maciaurin 
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)- C.J.Brianchon 


r- A.S.Smogorzhevskii 
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j>~ j.^sj <,A^a^j\ Q r aIzaJj&J wUJIj Alii 3 ij— >~3 P^ oli_>*Aj J.3*^ 3 4.»si^ 

^5/ Lj ^Ua^LljI (j;jL~> f^^u'il •*■*-*'^ Q aW^Ij 

• ( l, i Ai Ls'* <j^* D x Is y**?* y — f(x) ir^y 4 aSj l;>- ^Ul 

I ^C* J ( _v-J ; -0-^-^^ t! ol -j >1*> \jjA> j-t-c- 0 !•> jAs Ar Enoch Henoch - I 

„’l ,<Al A$ji t 0^A\» I >A>- o 15" Aj i J a ^> m ^ 7 ^^* A> J 0^1 

^sj» 0^ l-oi {jUU 


r- Application. 





\o & 

J 4 ^I O^5“ p.,»Aii,*b jA ^S^X***] IaA**»»A*A jl ^S\* ^-^d*^ 4.**<«A*A 

«ISw‘!,> 4 j ,*.>-1 O AVY j^\c, A 4 ;l_{U<a5^ 

j_«Jb $ J> i£ J^'3^ U If J I O^i-V A c-****>-^f Iaa^UIa ^ J.*j ^. ; ^27 L ^ y ^^i v !i)\ 

^.'JLisI 4^J,lA ojtJAj .$jS I l»>}\^ I blwfli i Jjk^?l |*-iA li* Ji 4$0 l 
.i jb^* 1? A 2>v * IjAj^lj o3lJjl (£ O If j l—j oA 

Jp^.£>&.a I j aI^Is ca*j!j %j\>Xi\ji oj^k^ aS^c»**»> I Aj lz»; jl ^■♦•f' 4 *■-'d ^ 

^jx* ^jU/fp-ft .jjip.-/ cJU-JJ!jj.s XJ{* 

.x^j^jf* i^ a.^. sC,31^31^1^ u^Ai JzZijJ 1 ! *a/jj!^ j** l> : ^~d 

^JlSdl-I.F 

J U:; I c*f lx aJj! lji?U/ 4 *a 4S*^^ L,a A* p 3J 

IJ If* I (J^^ 3a=^ il-U*! j aLa/^ 3 ^** a 1 ^s» U 4—S’* C*-d AiA' 

Ojb^ J ijAX* 

dii Ji B f i A f ‘ B ‘ A li AB -W^ J'V A'B' AV& ;I J5 
J5A ) c—i ^!)\vi'Vl(^3JA‘ 4 AA'B'B aSCijIUj (<Jdi c\.f J^)«a**3Ij c~»*»lj 3a»- 
g-^Vi^jt y*» AA'B'B ji>Vj : x(^t M-f J<-*)JjIcJUj* .(vA*f 

JS* tjTd^^A^Sji jI^j^aIjaSo 1 L iAA^ J^/l .c^l^l^cJU- 



(usJi j£i) (t>< mf A-) 

jb^b 4r r; ;fa, Jlfc/l ^ cJU-^VV !j l BB r 




ol 


i jb^ c-j tf I j J**i yj j 4$" J15:/I oi 


Ux** I l* 


1- Felix Klein. 
f- Translation- 


Y- Erlangen. 
&- Identique. 


r- Isometrie. 





\+v.A (J J* j* 0^-^ ^ <ta -—^■** ,,, ^ , ‘J (£^ ji 1 j l.£.,>-L~M j J 2 J-*. j a C^^A^vaS ^ | ji I 

D_ C <><") ABCD 

/ ~7 uT 31 b AMD ^ (v ' \-r 


3 Aj b A J hl*J \j 6i jA l«J>- 

^ Ji J JLitji BH'C 


/ j / j ABCD joUVi^ji^ 

^ H B J H HH'CD Ji-oUoU 

(y <HP .-Uu^ 

jiJ aI^* J>»* JIaI/I jl Ai j5\> 4$*" 0>AaU*<« (o 4^.f^ <j£A Ji 

Ji>-0j(.; U {j i ^_ls<? A$CwC J;s Ux,.« 0 l—3^ 0-A-*J 6i(i Ojili Ji • O'-* 0 I 8^-*-' oi Ia-—’ 

.~ub j{ l^ a u*jj*' 



(j^-f Jfci) 


Jl_£>! a !j 0 8^ «ib o^iC *£ o.**jI y*v‘ J*" ®D <jB 

4 JLil ft^li ji ijj>*j) ^IaaJsa/ B J C 8^y* Ojf-* Ji*V 0' Sj-B **! ^ py^i^- 4 
j d Ji C 0 -^ °iB ®yJi ^ a. ^ QtJ jl 


J? U** j U?- ^iasiojli ol*.« Ji .w~~"I «J-i 8ili a -k^-ojlj J ABC s ^^-' 4 —\ 

, jji» u i i -it* I 3 j> i j> a ^ ^ j.*-vS^ 

. k . BC c k.AB isbjitjti UI ca \j ABC ^UV^jU-^-Y 
I j l>- JiA jl . o-*»l £-_>■. ^ i k a_$”* p^ics* J C> I k'CA 






\°v 


UiCA J)*u 


-r-f 

tj! , v^b^- 4 4^ C-a^ I < to $"^.i , "V -A lS ^ ^ oCj3 

i Uj I ^1 .* ta , ^Ra* 4 “vA J CC* ; * ^ cC 5 * - 0 < J^ S “*' (^l»Ak«i ji ^tl; 

.*J» j^ v *' , |-> A UaWaj Ul : i) kjAP+fOljJS jAJi 4l^-i CL^J } 

Js»» xf C—-I uU^ 'f J A Xi ^cs 1 " ^ 1;i csbks; I4;; U- 

.JlJtlj 4^Jt/1 Ju ^ I 4-' 4^*i ) 1 j »\.J b 41? b j? IjIJ jl 

Ji; j> \j ABC wl' 4 Jp-js ji ;J4 JUwl jl J l*- 4 6b (jjl J> 

^UVi^U- 4 ^ 4 .ol‘.< JiJoT^4*Ujl 

1 - c* c~ 

.(oJUr.y JSo) o-iy. c-o; ARB J CQA ‘ BPC 

^ js yij J fo SjjO*; jljjj JJ *£ f“S" ^ i-ts-vU CR 1 BQ <S f " 1 ' 4 

<45">_#*** ^> a>&~j ■ $ ^liA" ABQ ■—A* 4 ARC •—-R 4 
RPB = ?o“ jRC = BQ 



RFB = f o c — RAB 
c5fq = ^o°^CAQ 

BFC= \ y°° by; • J/i^kU.* CQAF i ARBF aFP ji 

^k*^* (^Uo^ib ^Uj.c^I ^k U** j,*/ BPCF *>$j£ jI$>- CPB”^ 0 ^ ^ 

j*li/ *k&; Ij ^ki/jif *r*U5"jli* F AR B i CQA -? BPC 

a5^ j+z*a p d*A*vk< <_£jjI j a^*v | j | . ABC vk»k* 

CR V BQ J*j! * kS; F bj>? s ^ 9o° j>\j> F ^Lm, \ i3 \j j^j\ db;* 
CR 4 BQ 4 AP ^> , *U i ’ ^j)^L-^ - sjjd ^ F f. }*> AP ^U^’i 

• Lj ^ g* jj ! j> Ij _} «A*.> _jj Ia*«« 

jSviL <Jj Ik* co^k-LA- j Lj Ja^A^r^ks oClji 




j Bv\D£ 4 CBIG iS+y & * ABC kjijJ+Ms <^b <_s+U ^33 

p. : ~ii j**> Ij AB t^Ii/»jl CH p^jL*^ D ACKJ 

JiA ; ABj £•&** ADC H°° ^d^C 4 Jj A .-uS"^* 

i; CE 3 AI ^ c-f Ij j**^'*** • o-^i DC ji Bj -? B] — DC <j-*i 

•A*^-* + y p* A 

GAI -? CAY o-b^ j^~* i BKJ ^ BCX ^ » *>& A *>VU 

J-k I o-^A j (^IaaLBj 


CX CX BC a 
b ” KJ BK a + b 


CX 


ab 

a+b 


—CY 


CY = CY __ CA = b 
a GI GA a+b 

iaS' Jj i ^4 c*~A LaaLj t J Ji I ji 


C-f U .pj ji J *—k ^_£ l^aEs* (£JJ —\ 

. JAJt> If £-f J-* <Af (_£+^D £-? ^ J jJ t+*A+' 4 

l? (^ C Y-Vj ** l ; -Y 

•JUfAb CH J BJ 4 AI ^ ^ (Jl 
.^oo p-^^fj ^ijf p-* l f CO r -> (+(+ <++>• «+ (^ 

. <Aa,vJ lj. ^/* El < JD t GK iS^^J * W ‘ V * U cs^ka; (o 

oJ.3%-3 I .J (j I !<5 Ji Owi^ oib A\aAi A$* J*Ap^J jb>- ob — Y 

.JLAl fjfty ^UAbU *> jT^+Jjjlj 


0-^1^ ~) —T* *1P 

^ jl j.* Jsi>- 4, I j J li:; I jlij’Ua aSYu^ i o 2 vfl l>- j>! ^Ijb jljjjjl 

• p'^^+-‘* )3^+ D j!jj:> £y ji! t ^ Ji+ c o^>jj b! t ^*j>- ^ 

0^_4f L 3 c~»! %£jSy» 0)\*5 jTJ^O C J * ^ \A° U A»jlj ^ OljJd 

ji + ; li J3 + 3 t C**>-1 JU:/I <ilj lj Jv?b ty***"** J A 

<s\»jTj* S\ •>.J«i) JiA ; ^-4r jbAji j If ^31 y ^ 

i J J^^ i jJ -Aa^L p-A^f J 

AC 'k— J B ^ -ksi ^ij> 4.ka/ C 1 B ‘ x o^> J* .^S ^ Ji^ 

UA B j?j* *• *^S+«<>; + , y- U Akk' ji! tsb A 





. BB" ii A A" 

J> i (_; r-f j£-) -*-4 BD -> AC >A^ 0 »^y 

^..•U* oTl- J.x; CD $*> «-> l : *; AB ^ 0 fy 

.o-l A BCD Lrt ‘ '^-' l 

fy VAJ . 0-1 AC ioj N j AB ^ M • (V ‘ r.f) 

,.!i; M' £,Tjj aS'ji*'.-. U.; A'B'C' ^ *; 0 ABC ~ 11 ' M 


\A ••» A / 11 





\ \ \ UiCi JIJUJ 

]SJ 'S J* A: u * A ! C' Ja-^j Ji N ]\]' J oA 

-«> r - ^ ** J- 1 - Ji“V M" <4 M' 3 A"B"C" ^ a, a'B'C' 

BC = MM" oi'ji^. 1 MM" Id BB" jB x <*; JU;;J 

obJ**; l*.? BC ^ MN 


l^>»o 

6j-{B J;> jJ a<T Jkj£ o^:>- A A JZJLa A jj o^b 

/\ 3* .cAl^Jlj jT ^l> A «iljj ^loy.b — Y 

•AP =PQ ^\s+~* Aj XS'^Jas Q J P j: Ui Jj b Af 

^U^ks ,u:S .^>j\jAj csjL*.* Cij J, Uk _r 

uAiij* -f.f 

(^ J -A l JT^t^ ^3 «?■’’ |^'2"' J ^ 1 C_S' a L £ J J ,= * Z ‘ A O J k- - ) _J O t aS' ^Ai Aj 

b f—I -XJ b Jj.>.,^.j ^_5 IJ ik*/^ k J 1 ^' 4 ^ J-^Hs ^5^O-" i 

n l_5T .J.J.-L j>- Ai> j oA.*' A) ,a;U u _^ c-j l? (i_M) < f.f J>5o^ ]<^ 

A'^’AAk* j! j..*a7 ■, -is .-L 5 j< (j j J j*i zi^^Ali l^b; b HK 

j~ I Lj Ij j l,. ^a ^ ji-%P — sJjb^J ^ :>tA j> (j,^*t _ Ah I ,j A A 1 A^l A> o*«^ I 

• >Ai y. \j\ Ij AH * HA' cs^-Ais’ -lA jjlfij j js^a ij.AtC’ fji i (j, Ij H 
(J ik*-A^ ji j~2.: oU.« A^B' OI jj j AB ~^ :> " (‘-kP 1 f'f) 

jljsGJ C.y .} . C-*^( 6}j+i (B^ ^ A_S" 0^1 viij A'B' ji AB 

(3- 5 1 "^^^ ABB'A 4^jS" AB ^ Cj *^'' j ^ (^l^kfli 

Ov kj j y^ 4k^;Ji »Xj lj2i j) ^yS.7 *f A'B i AB' al>i.»j c-1 
BXB' «2X. •. Mjij, r *l; B'XK j AXH iS^.Jb >Jj+j< 

■o‘-b‘.b -^jib 1 - ^ B'XK 3 BXK i jtiUi 

AXH.-KXB 

^'01;j A jl AXB ^ 

^. ; T O Y *ki; (k_i , f.f) j<Cij;lk- B J 

: if fjf - (*~;jf {j*J^ : 33 






nr 



AX+XB=A'X + XB—A'B 

AY + YB=A'Y+YB > A'B 

Y *^5/ j j>-j t AYB jtr A (JjbjljZAbjS' AXB j*r* 

A -31 4S"o-l AXB crd c ^’ eJ i/^ 

.JLO^ Q 4; <Cj> I 5 

0 iUi-»l b A? C—I JM-J \y3 ^£jS"U A, i? JJ ^i ^ K,& A?f> I 

kk^A I . JJ>- ^—fiU 4; < oJjs^ 4^ j[j QjJh C <X>^ J j' 

-jlj A jl ^<S-iyyr* •'^ts' u=Y 

.5i_9j^ jUj^i jl.S'oTuJj.w C—'ljt>- B 4j 4; i ‘t’^' 

_4-o-»J <»_jj.*3 L J Ij Jj U.*j^ Iz+^A tJJ-iJiJjj A$* ^J***-* l -O O J Aj 

j!^ r j A j! l y ^U-i 4 ^ :; 

jib AiiT^Jav.Aj j-UOfl&A 4 j 6 -U^ B A d 4 dA^xk^^bjb 

AkL'ji otf^A 0 jL^ b ^ 

cs^i^j i(y‘ y.f) J& if c r ^t>.i e ^jiOd C 5^- P ^ T c iaAV • J - ?; 
tjlj Ij i 4ij!j .JU'^I^ jJ r J i **& « 4,-jijji 






i \r 

l 0" o~i V i; ^ i i jl -j r k^hcr:^ 



X\qa'j ,x,‘S^ ijJzs*** \jjy oUitL* ABC is* u*f 

^l-ji; jl^ p 31 S-i* jtjU jy AB ^>y. *-> P 

0U* AB r-^ <J->J l -r’k3';3! l _ r ;.> ziSy. P *W A; CA J BC '-i> J 

. «Aj i^A*j I J j**w* 

.juf tj ^.\ -u* •. 

dJt* Ji | JaA^^ aS^L^C-i U .d>* jb C-.J l*(^ UfljU;l dJptj —V 

.J.<ilj ^J*5 1-.J ^ I j 

.a^rjs- o->^3* 1; U YW *^3* ^ u-j*’ —^ 

N ^SUfl9 4JLU< -&f 

j jToil- jl Ij j*f JJl— 3l tfjC-i ojU; jl o*ttu*l If 

Cy.3 

. ^ JLiS - ” Ji> ts** jK*Aj^« 4 Js s >«^4 ^ih* ©i !>■ ^BajjIj b 
o^U j** dJt« jj <(<-*) I *0.f) ^ Si ^ ‘aJi~.*J>- <^C- 

ojjSCjj aS") oT^pUJj) d-h* :pi j$<^s* J**J* ^hW^d-h* Ji ABC 

eJd ^A>-aLS; OJ^Aj j£«J J2 a 5" ) ol_p*C <£j&s 1 («-^ 

dS;T r j AC A, o-/ Ij ABC ^ fcj* ACB' ^-(c^l 
1- Fagnano. 

• C C>T <-,U* ol j 3) ^ c.^U c I WO ^ b aC~* oi 1 y ^ - r 

oTj-ja I H. A. Schwarz -k-y Ui>bj> Af^L> *b 

.c-l asJL^*: ^L> m-H i$\s. F. V. Morley j Frank Morley W 




A i tiJj*? A 


\\f 


A'B'C' ^ ^ * CB' b ACB' ^ ^y A'B'C oJu 

^1^ 4ijr^_5 A'C'B" <ji j) i A r B f c-.^/ ij A'B'C c-J-> o'i 
A'C'B" ^ fc/ C'A"B" ^ j A'C' |J A'B'C' 

•fA^LS' 4 (’C'B" / IJ 

A A* 



(o3f « e .f jCi) 


4iflS-J b ^jb 04 > Ij 4>ui^> • pA^<y L5^ J v- I J0^To-Jl> J5A j ySi 

yl Ji A „-•-> *» BAB f A'B"A" ^L^yj ^U 6 3u;f *f r AV 

y C* B <_,*■* i j ji t —YA yA A ^Uji c yB yA B' i_A-> 4 yA 

j o-J^jN* BA b B"A" ^ i Jl J> . J J.*i^£.-» ^ «T O.*" I Y b 

ABC bi; jl .oy j(y> PP'Q'Q 1>^"’ ji 

iS A~ A* -^i Ay jp (j* c *u«sb^« ji ^Ja/ jf ^ la j L,.**/ 

Ji . -Wjiijly pp 7 Jz>-jj Uljt* ABC VC ^/jtflj 

^-CC -b >-y Cly-* jS^j i ^IsB^ oJi« ; jU; ji ^ j ^ 

iCXiJ^jl QQ 7 c—Ij QQ 7 b pp ; Ut .JliU^ olj QQ 7 

^Ujji ^i^jib o—cc pp 7 jji> ^A ^ ’^■^ , y$AjA qq' 

■A 5 *'* (jiC-^ (ijL^f C-*C y fy^i QQ ; C~5C Jji? J 
i?l>^ jjy jl .c—*1 ySC^r^jL^-l ^L?t>6^ C-C Ja-s^ jl C jl CJC 

ojb lj Ja^ ji^r^UjI ^ ABC cA.< ^ 

•y ui U a!,***.« I j — j ^J>* a! j 4 j 'i^.j j} * y j 



A 


na 


UjtCi b 



i—i ,jj I J C-^l ySc^ & PRQ C-J^ -A P,RQ C^i*-4 ia*>54— 

PQR j -^ 23 -? L%«**y A.BC J.> U^laJ .O'** 1 ! f^yP y 

o9>jij ul~*\ BC ji J>J »ji PQR ^Coi P ^jij ^1>-13 J !***♦*/ . _Li L 
t A j! tJ-il; uji^ j Q 3 R 4jjI jjs ^>-jl>- ^ U jL***/ tj *4j L ^£0 

JV-u^I^a .c-**l ABC , -C^ A A <j*\j P 4 i-^C ^>- i^ 31 a 

Sz*>** aS' PQR aSC fA** Q5\7 R j Q ^5\o ^Ijj^ ojLjj> Ij 

.C—»l A/* 4 ? j*a*J*j ABC vL.i> li;J! C-~A 

3 pij$is* j^ ; j* '-> ABC ^1-^‘ji A'B'C' J >ft C 
jl (ei‘l>- b) ABC ->3 PMN vl-^.*jA Ja^ p.lS ^.0 OJ If 

U p J\j p" J P' j^I csA . A r ^ A'B'C' W 

AC ^ P jtj•*> S' ^ S J p~£ J**Jp**; oijt'ut :* 5 AB -? AC ** 

IAS's jj) 4la>-^ J.Ss'i 4 j A>-J) 4 'pt*^ i£* |-*.fc4j yj !j AB -? 

PM + MN+NP^P^ + MN + NP" > P'P" (0 

o y? 3 SS r ~APswA p—djB l—I j ASS' Js 

P'P" = YAP S mA (Y) u~i SS' ■-= J P'P" 






\ S? 


A 



PN+NM+MP > rAPsmA (r) 
p U;l A'B'C' <^l*y ^ A ojiji J+e PNM viJi* ojk-p Ij ^*T 
^i|j B'C' AB -? AC *? A' *^y4 ‘p^cs* 

pi j:* (J-* ^Ay 

A'B'+B'C'+C'A' = rAA'rfn^ (v) 

54 >,p- (f) j (r) ji AA' < AP 4 &J*# *s-y l ? 
A'B'+B'C'+C'A' < PN+NM+MP 

[. 0^1 A'B'C' -k;**'* y*i 

4>U.O <Lu 4JUU*.« —J'.IP 

^ U U.im ji jljl ^jj^4jjUr J*5sg 

A/Uaj jl ia5s ^ *> dl» £.' U p.~~AJ ^0-^1 

J>j j) i ia^Ui^l oU*^/* y o^ .c-<^) py*^ 

,i j** '*^- 1 45^c-vjI fjV 

.C^wjI ^y-O K^'J>- I j j** •A£(£’ t» 

(£J b-I* ^5 ^*; y ■* b*j 11/J «j.L£ p*J jr A l£ \$as*J} •&’&^J* ( jtl 

y/i oU^jj Ij p* 

t sif JJf ts ilS'#jfX*l4j pt^y^ 

ol^^4*U^ oijiy4; iLslij y* (j\£*>• A-**}*** t)l J^-b ji J tijZ^~*J 

J)\*y*)i£l\~+ A ^bUiVl^jL.** 1 Uyl l; Ij 4 ^a V 3 J ijb 


\ \ V 


J>,AaJ 


y <^y <j{ U* ^«U(^ JjI j! . pfj^tj' 4 jj^jAj'U- ^a Ij 

Oi^***^ 4j»j Cj^ A - 1 (( - 5^ a: *“ 4 '-~ J '“'’ ^-=** 4 — ) ol^ali-L/* 

]^ ^UjjUj j g ^JLsaj ABC <^-li« A^i^jl ^lAka/ p ^i 

P ° l *ai?*.A AB 4 CA 4 BC 0 P ALi; ^UaI^U cjj-I 

p:iL* 7 <y Z 4 y 4 X 4 lj IfAj 

P(x 4 y 4 z) 

AINIj I 4j 4p-j.7 Ij 

yax+yay+yaz = S(PBC)+S(PCA)+S(PAB) 


= S(ABC)=-^-ah 

• AS** Jj f d*>A*) aXj J I j ( 

x+y+z=h 

C-AA** LV'^UjS'^iiiA oLal^vOl Ifi***' U^Li Ij j\J>Aaja)C.aJ)Saa Aaa> ^ J& 

(x 4 y 4 z)&* 4 ^d g~j+>iAj c-jI* l*;Tjl $1 ?^a o->l^ 

^ djiJ Aj {.Aa^- 4 0& 4 jaaA; C-Ja-* £-)«? *ilj U ^jl JA ^>- iSJJ 

:A1AiIj^ ji m j ^IaaJ^U^ 4j IX* d-li<* 


x == o 4 y=° 4 z — 0 

jjJ 4; JJ 

A(h ‘ o ( o) 4 B(o t h ‘ o) ‘ C(o ‘ o ‘ h) 

4—d p : ‘S' ( ji»>'} <_j j\p A^> ^Aj I J £jU *^d jl h jl^A* 

(kX^tj O ^ J Z (■J'* C y {J A ^ 4 X ^J -4 ^ (_g^ J 1 AS^^fAj^jS' 

£~j b 4>»; U>> . j 4ub zJji *i-Ai 4*i? VIj jo Ij a:*;)^;! ^m*a j a -)z 

4 c£I Jj&i* c 3 '^ 1 => jl ^-jl - 4 Ul o^j/ Caao fj Jjl Oji? jjji 

^*:>u*a .J-iU^ x— :4b U* Aj <j&. ^ijb (x 4 y 4 z) &** a J .C^ 

Ji lJ j jIa f ^-i^ 4 3t J Of l* tj Jjl Ojl» £-p<* ot^ jfi> 0*^1 

j! j. ji l> Ai-^b I j jiA Ji Ca^as Jh J& jl oL^ jA •pijj ji Cj^ 

[h:h 4 h 4 h] vt 7 j 7 u J -’ A - • ^ Jj ' i j 7 ls ' 4 h ^ 

ji j Jap j-i Ij J ABC ^-k - 4 Ol j * 7 A^S** C-*-^! i j***^ 3 " C 

: ^aa* L 


< x < h 4 o<y<h 


0 


t 0 


< z < h 



'Wn 2> Uijb j J 


m 

: Jsj-i l [h : a 4 b <■ c] • 31 ojU l> ^UaI^ jl 
h j a;u-u oih <3 yd c -> b J a ^ l A+n 1>- Lrt 1 jj -h > a > b > c 

aiUl^lb U jljfy3 d y***j)j,AA jj I o^l { j^ > j UjIyj 

^ b aJUt> £-{U 31 p: J *l J*iS* ^ J A j A • Jy j* Aj U*/ 4-* jl Jaii 

rvL,^ 1 >yj (jj^£lj !,5 ^y lj^ . 1 ^ 4^ I I j ! 

o < x < a j o < y ( b ^ ° < z < c 

y j ia> yLi 4 j 4$" c~*I 4 ^la^U Ij |Ja^* 4 ^*1_J O U-* 4>!y?“ Sjy>J 

:o^ l 

x = o t x=^a -? y = ° 4 y = b j z = o^z —c 

:X| jiyj jy*p j I jjSsj 4j ^*1*9 y I aS' o^I oyJ (_jtyJ l>-jj 

V l^£J L t ^ilA l~-^ ^ Lj-J J.** 4 l 4 $~ A^" At t-*A b J l^jl^o** b A 6 ) jji ‘5 b 

• *j$ yJ.> h 

J 1 6 3 l A^» I b J r- jl jjUsAljj £-i Uj‘J A !>i J$ u » jlaj'ji IJ (ji 1 J^>» t$ly 

.jwj/Tcu^wb Ij £->U jT jl yj f f^ly^y 4 l? T' J <Jj : J 9 * l$ j : t- V ^*y T *-* 

zc ~~**1 yy*- b& j*y' A <S b^^b -J 2 yJy-* oy^ [A*Y ! ’9 ,m T ] oO a> 

°^X^Y 3 o ( y ( f J 0 ^ Z < r 

:^j j ^l^la>- Af .SJ-bv* C-a-I i^-J I _4^“ oJj>- 

X~Y -? z — 0 ^ y = f J X = 0 ) Z = Y J y — 0 

: Ai-i b ^a j> m j Ij (j, I^aLa/ jji 1 ^i^-v-ljJ 

(YO‘o) .> (Y^to) J (oiftY) J (o4^4r) ^ (^.Otr) J (V-04\) 

.* |** A * , f, J- J ^Aj I1^; t J lva*>- I i$lj! 

V^o 4 Xfio 4 0 £ Y 4 oar 4 £or 4 Vo\ 

A^ ) 4 9'f^ JJJ .C-*vl oJi-i 0 2j+i‘ Ah^A J, I jl j 

J yi.) r 4 yJ f Jjl <rc^*-t jT^ ffY aLo 

^*>-4ia5; 4^4^; 1 4 ^ J^pIj 1?^ ojb .ijb *j?-j ^_j U31 yS y Cj-' 

o l aj (jJ***;j Il^.j^1? ojji ) j £~j_ U L)z J? L>«j ■•>■ a^5 !•>■ ^ 1 lo-b^’ 

l> lj ij? j& aS^O-^ 1 ) 4j aLaj’ Af fYY aL: 4< J i Jjy 0 1 —^ 

A^ll>j: 4 (r Aj y) fiju^* J^l IJ jT^y.^j (y ^ 1 >-a, o) oi^S" 

.filoajTy, Jjl Jj^U ^1 j| \j Js> jli; Yrr A; VTY 3'^ 

(wS^ii>Ji U *j-* C?J& (^1 y>*-» aS" o^l ,jiI At o^Y A ; YYT jly“"* 

^Ia;-^ Ja>- (^ 4 f-.f) J5^ji yijdJ^ 4->b Jjl 4j-;^ 
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(V . 9-f J«) 

J aJW, J j\J* .»/>■> no * b TTY J .-U «J- - j'ijJ (fV* 1; * f 

|j jtJ A r r-i: odtf- ^Ua, ‘ ^ U; |J * U, ‘ J4 

Ua aJU tf IfJUjl^.l- «-S^ J«*»- 0'-' 4; 

l* ; l^ ^ O,- V- ^ ** ^ ^ !jUh ^ ^ h ' 

^UnU? *- fijJL >> b A 4 JJiJ* W* u * lJ > •‘ ursJ ^ j! 

4 |jjl [a ; Y-?‘Y] aIi— (jjJ— cr^jj'S- t ,,J 

31 0/J Ajl^r^ — A; r^V **> o^> £i Uoa/l~U 

ojTc-^Jb 0^ ®*li £i^ 

„li>|L Aji— ^y.lja .c—l »-^ f-J [\o:AiY‘f]A^ j; L- (ui f.f) J 5 '-' 

Y ‘cS>J AA^A-O! 

Yj^Jr.^Y^hoJJjTc-^AlUAoiUj 0 

Jjl d CttjjTc^a. . a J*u U»>ji «*-. b*ba *^^ 4 > ‘ Ul 

^ JSJa^Ia^j-a 6 °«J t o6<5 < £>i> o iU a- Iji j 
.o-iti .0 j: -a Oil** 0l^V ; ffi^ 1 ^ !JaS ^ Ji " 

,_r xj„ J~a Jb [h : a ‘ b ‘ c] ^ ^ u^cJu. Ji «**> 


•r 




h^Yd>a>b>c>d 

.jub^ Ji aL- 01 ^n«l oju 3 ^Ubj*; [^o:A^*V] 



C-*j i Ji ..AJO^? pJaXl-a *X*>-J ^ >V*i>V i ‘^•'•~? 

aS*^*j Ujl-ta* A^*^] l>-Ji c—j i-if'Jji» ^Ia a/ l^.Ai 31 tita j&> 

ISbi I (jAA>- lib .Jj jljy e->l J>-jt> ^dAA] 4 «—» fjT^ <jd '*0-^l _>J.£ pj J J I w*A><^f 

i!^:^ aJp^-JL* Lgljta c ‘ b ‘ a ^ **• b> i j* *& [h : a 4 b c c] *&~*j*j$ 

. i j 1 ^ i ^>- jf kXi^x> L ^y* viL j I jzS •) ji % 

:X£ I ^jij 4; [h : a c b ‘ c] j* j j 

h = a==rd = b+c 

( cb° «a°° ^ £*-*•1 L5 &'>\*j>)l) < jj\y^ J5s^> 4 #J 1^ [j>- UaIs—*^1 

. 11 a Ab— /« ^ I j ) (_£i»A£(J j^A'A^^^Y 11 J a,L«~<4 .*a*,»o L I l-J b®C^®bo 

J^Ul^ jA C^tA J>-«Oj-(^ < ^ 'vM#« jjj 1 ^Ui*-^ C-*A J>* ol J 

t Ji : jbf ^ J-*** ^l***.y# I d-3^J < 9 ' f ) 

av) a;^>- jL*T .x*jUjU>U^ <jj+J r j (jj «J a A J-*^ 




4-twUib J jb 
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Ji J jj.j 4$"" i_~*i Ji 0 l-*A 4 j 4 iXfS' ijj&’jj i(£J C>" ® i (j£ J I a*a /*-Jyj Aj A^" 

AAAt*^<iJa^ ^JSC- 1 Ai • Oa^->*^ja**j ^ ^^**1^* fj*^**'* 4*# l b $ j } 

til# <~~+iji ^1 4# Oj** \e* fb*#f a!j.S\>- Ia4/U«s j JJA £-#U Ut# l>- jU,/ 

I«Aj S ^ O**^ j ±3 aI>- jA C-A2j J./»l^> a[L«a J^ol J 

AootraotHWotfort\M‘\wvo 

:J.# t ^/6 Jj-*-^ a# 4.1>*j.,« ai—A«L i^5vo p >-z\j £b 

Aooc^ort^rotrrrtrauvo <>.? mrr.o 
c~*i J>- J#U (a —b+c u*J A: .) a1a~» ut : ^ A^c-^b a^-^; J#b 

<ib j]j*& Aj*~* aA*^ ^*-£a ^ *■^*•**’4 cijl 4# c J b A «Ap Ji 4$""" 

.a;Jib 4ii!.\; 

l .4-0 j&\ 

(S J~) <i 3 L>^' ^ A;U = Oi b .C—»l jb>l J4 £-{ b jj \ Y J-*U ^9^ 

Vp «*flj (_$j 1*0.* ji a# ] j £_# U o ! o !^j a/ jS^z? 
i<£W <£\** k'j I pJ V ft5j : ^ *y.-C-v* 4^ _y 

jl oiU:-»l b obT oJbjl : :>-f jj t^:J & ^U;U-j ^&/«■} \ \ cs1* ; W T 

?a:;r jfA«A£j Jj;# J Iaa.? 4# I J bSA ijpjj *\*i\jj^A A) IA4»Ia*J ,j# I 

olvS^-* C 5 Ub A—J p f i p aLa/ Ji ABC 'J-'l *' 4 4 .# CJa*—< ~-T' 

;^b Al^h a If ^ .a:^l fL5 4 (xbybzl -? (x 4 y 6 z) 
xx'—yy'=zz' 

A^S" J.aaS^C*j l* .«A< jSbwX^jt p^ J P aL5j A— 

: ri jb cJ l>- 

P^AC = BAP J P^BA=CBP ; P^-ACP 

^.y.f 

^J$naa> 4j (j JA—~y>Ji j^j ^ip ^ -^b a,*^ *AaJ Aa^S"a5"^j 

^ jl*Ul|»A9JU^li4:^|^|^J^1 ^3 Jai>- .X‘iJiOAijl b^JlU>* 

. Jb«A 4 ^ ( < ( “ ) 

4pi.^ ^ISvJif 4; 45"p# ^ jla/jj Ij ^L*\J (£Jj0j4{Jj&* A A i 0j*>\ 

iJCj U^2>»Ca> U Ia4j j(j ^Ufijla;! 4.i\Li Ai ^j^j* Ji-^f JtrT^^ lj j!b 

(jo^/^jif aS^iA/ Ja b dS" JJ# ^aa#w C^aa*,# 4 A# j >Aa*S^ ^g- 4 IaaI^ b Ul 




UACi JiwW 


ss js Ji«V A'B' *1 AB 4 ajUjjj ^Ais cu*«*.i 

:b O**) js I j) O I J jb A^T 

A'B'=k. AB 

Aj UJ 4 k = ^oJ Ip- JS .A£\i\£bj\ j£a>jf k cdkl^jL* tdijjl ^jjj J/1j'^kc---/ 


c r ; W‘» ^ 


O"^ 1 ^1j -X*j Aj Uj AS** OaS"" 0^ j~^*V if i^AlSC j*A) (j£ I V«i 1 j . „a f j jl J.) I pA(j U.A 

„ Iaa? ji j&$* Jc5*^.« t_->lp*j I I jjj isjbjjg* «l5w of t* I j U> a\*p 1$ ^j o?«*j 

. J J L*j J^£-J \ J Js> U/ O* U*— I 

JjJLJ _^=- if i£j\ y—» Jap- Aj 1 j Jap- _^A 4^0-^ I As IdJ 

jS- js ;JlMj oik* Jli&l di> cjjjt^^i ^ o^l j*-* A dJ l>* js ^^'Uj £!s 

aIzAJ tt Jiff 1w» Ak & JS ^y* ^j*»P1 J Jap- I j^J «‘*^ A< * i- 1 ^j; 1 * fjj I ^j£ I 

A.' ^ 1>J dii JS ftO J& jjji CpLjI (J>\ji .ZjJ—S ^-iVpci^Syj ^lj4j Of l* 

^ J:-Li j Ik* iddL AB Ja> , 6J^;JA'* A B Jap-ojU ’•(k]J> c ? j** J .) A^k C-**-/ 

: ( +jJb j j* p* If J^p- ajkji qi\ c(^ 4 y.f) j (oJl t Y-Y 5 ) 

A 7 B'--bk. AB 


. Ij *XJ 

v< • • 

U 5 ^ 


Jap^ Aj | j Ja>- 


;^J>» Ij 

os b JUij'l 

dif OJ^^ A f 

Aka/^f 

*k l«» 

AkaOJ 

J^jIj Jap^ j& 

A r uT J 

t>t" t-iij 

ji •ifjJb 

‘i_^y (j*. 1 


i L Jj Ua 

i^» t JL J- Ij AB Jap-6 J Ij tj-k' 




_j pA 



(JH , Y .f J^) (* « V-f JCA) 

aj Ow-I Q^J^i.4 ^1 jIj « ^3i—f B j A 4 u^-^A' 4 C Aka/^* 

6jA IpJaS"^ Ip-ji gC Ij g'C' $ AC if A r C' <£\a> js 

O Aka/ cUiji BB ; ^ AA r ( k ^ \ A;j.b ) J.^-U JU.J 

• 1 Aj js Aj S J J*~ ji 



OA' = ±k.OA -> OB' = ±k.OB 

jJaS A: jJoj ^>-j3 j A (JJJ (J^ J :4 (J^^ ^ ^ 

JA$^34>u*> 4 -5 J>-J) iUl.a 

OC'=-±k.OC 

£-il_j OC il jj Q 7 ^tljAijj 

aI^U o 3 sS*cJ?j>- <--> c-w to 0 ^La; «l_f (Jill t y.y) ji 

as" j; CC' ^ BB' j? A A * ls 1 ^^ 4 ***•->* 4 ^- 9 1 j 

OiCa ltI A'B'=AB :c.-ib \ o^4, ^ ^ 

.C^l 0 -A* I J3 jUx/l oA to i>« 4cJ l?- 

: oAb p ; Ali jJ> AA 7 0 olS ^a (^ t y.y) Ji 

/oojU 4j Jjtjj aj ^'Uj Oil^ ^ A'B' ——AB 

••A* ^ 4 (J J A 0-J ^7 O JjksP to 


j i tj 01 4$^ J^aS*^**** J-) C^^S*** 6^ — \ 

o; l? S j{b t£JJ oTj${a^ 

A_^ JU5C..vO 0^ t5^> ‘^-"l •■XA eilj cS^ijC lj ABC —Y 

.aaaU ^J\j AC j AB ji lA^- 5 ij*bj3j BC <JJ-> ur*-^ < Al 

^US* JiO-j -A-f 

^Jl> A a j ^Jlfllt’i aJLv^j Aj ©lSj I ^ ^*»j’ ls>*J Aj 0.**»>sj J&A alf^A 

^^px^a.c-s**'I Jj! J3wj| ^Jv^l?*- ( j£-* > 4^**/ Jij *A^‘U^ ^ If p-* 1* (JJ I j* jb 2 * 

aLa*j jjC^^ixij J>\ US. .O-vjf J~A>J Uj 3 $ ^S"y L JJi to Lj 3 

pAL (Jj\jb*'* ^ BiA J oUji a!*^iJAj 0 lS\i ! 3 {j*** 

J>3i p^* L 3 J33 (* L" j)jj^ ,ji I aS") oUjj) ‘iXb j 3 (jl ' j 3 b •Zji' 

(^IAojI*AjI j*b J^lp aS^ >J.J« ij ^. .a As\«*i a5s!j 4 33 3 C” >tJ U' vJ 

.3 j a lSv>‘ o-f U ! j 1 ^ (a aj j 13 

JJiJflj A"*i1i (^IajS^^ aS^jj! jji l?xj viX v /y c u lTd Uji 

O^JaI 0 1-** 1 ! b UaXw j) ^'jLw 0" ^ C A-*^ J 

- 0 J^d to AB ^ 2=> “ Ji^:' Ut^ 4 (‘-jftj i 4 A*v) 
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Ml < A.f JSji) 

ipijhj A# UJzmA O f A'B'jOAB .o*-l aa-5-JJf A'B' ^ 

AOA' = BOB / 

: j' .i t ajlj* i j^j cA U-Ja ^ 4/ j5\i La dJ^L 4^ 

OA'^A'B' 

OA AB 

0 *ijljj k 4 O \Aj* J* ^ ^.j M'^Jj 

: files'* jL; £*>■ ij o'J 

°( k , 0) 

0-4?- jTc**>* 5 I aS~c*-*I Of Ajjij ^ aS*Aj^j£* La) 

^lojljyl jTjsOU OA^jiJ c~“l o-L jTsjU'l Xilf c-c-U lsUa;/«* cJj>- 
J ; -V (^ i Y-f) J^- 1 J 0(k , o°) ts*; l - ; Ji-V ('-‘ 1| ‘ Y-f) •(•^is-* 
0C> , 0) u #Lu J<x; 0 Ajjij aj ohJ> • J - ll ;ty* 0(k, 'A° ) cs#^ 1 ' 

. 0-i If 

o Lj I j ^Lawzs c <j t£/ fj l£J jJiOj7 2j) ^5\.i'^5'L* 

AjIjI Ij L$/l 

* 3 ABC )\ ABs CA ^ BC sSW^ vS3> v V* 

C<9 r s C\C\ vS^^-A ^ \> O r > v 0^ 3 * *• 

A(fr <■ ¥ & ) lj&Cj JijOJJ^ aS"" ^*5"^ i A*f) Aj A >-ji If 

C(l/r 4 —JjO ; j 4 oM CAO r A*1L J*V KAB *zAz* 





(- * A-f jCi) 

0 N CVC0 r j y •c^l 0 N C0 X o.L' 5 J-A* BCK 

.Jl/^ii^j p A bjj'j-* j> A . *A7 f o «A-^ JX BK *-4^ ][ Y ^ 

a* 3 Yb' **. 4 ; K)I i BK *iJy.j A ^ ob j> Ji-V-^ 4 4 f 

L^SJkodS ^ b J jt Ja^- ii^Uj^Ol^ Ajjij^j 4 J.j loi j^d I j_?3 —f A 

Jlja Aj) . Joj^.P pA^j Ja>- ejljji jT^i 4 I b CS*^ c5^ 4 i-?lj 
f*jiJji\ji p*biA B0 y i 0 r 0 N or 9 ?*** A0 n -> 0 Y 0 r ^y^^frAjbL* 
0 Y 0 Y 0 r ^il«*^ ^ 0 r C ^ 0 Y B‘0 N At5 l 4^ wU. 

«^ hA*j ^ 

b jljj.i dh J ( js*i l>o dij i ^S' j7 l>* of J Ap Aj lj ^4.; i^>7 ^Jjdj A$^d^*^f 

t-T** J> Jk^U- O^T^, U t^ljj ^A^vi U J “* c 

_c^55vAJ fliU^U . ddb^ a?- tJah^^Ujr^b j \jji iil±j 

{jgl^lidw I ji j to^l (ji! ^ Jjd ; j“ db p^jb Jitatrji ^jI j) .‘d-Aj^T 

.^jlJ./ ij:>-J a-L ^aj jb-H jf pJb"*' a (_^ ^“ J 

Ad dVi \i 3 ^Vs&A dVi Vi v A>\did Sd 5 i p -f f A»f 

.AijSbA^i y^A** 1. ^A«i 

Ja>- ojb^i i aj Lid LAI;**..* -?A* 4 A_JS^p**A^ \j0 j* 4 o A f cAd* 
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J ABC 
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. tj j 1 j^2> aLS; Q f ^ 

*t^ s a A ^ pi \s* 
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^3^ AB l ; A'B' 
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«*•*<* b A a^M>«4 a B ' 

pxJ 1 J 


01 j*;>-J ^ Ai 

b C 

4,kfij (J_£>• j+A l; l 

4’bA= ; 

«Aj jj 1 jt p 

U- ! J* 

bj 

X; jl pAb 

ojl 

tJ2j A U~i 





.Jbb<M JN d Jj 

u* (J laL j 

^tJ> J& 

OJ_av^ 

bj> 4 L 

■ (jjl j*j A'B' 

* AB - 

^p:*^"^-* lAA 

B' ‘ 

A' 

‘B‘A 

AkS; ji^jf i) y. 

0 ^ki; 

^ BB' ^ A. 

Ja^J 

p-i- 1 1 

Jk” 4 d-A 

■ cf' j 

AB jU-lji A' '5& 

4 *A^Ata\/ 

4-JJ If »■ 

jsa 

L Jj lk» . (p. £ 

:f ul^-l A' tsW- *; C A'B' 

J 

1 A tsW- 4 f b / 

^ /ri 
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A'B'D J ABD -» 
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VTA 

j QBA Ajjij^ c£jC7 OA'B' j OAB c?A^ 

j5 Ju^jl^ !,**£«*» as" OA'B' j OAB <jif j>kt .j. 4 i c-^Jj OB'A' 

*'^ ,! ^\***jl J k-J <JiA^ 

0(k , 9) i k=-^ J #=AOA' 

^^a^A^Aja^j 1 I A$~ I aLa* {_£! J1 £ 1»j (J k.»j I AS" ^a*^a ^^Axi *LJ^,A 

4 »A.«J L Aa»j I 3 $ ~'^~ -y B * s\. '—“'f l-f a!j£j J?i k** J ^Ji'A' 1 (J> C? jA J I A^ • vH—<*•' I ijS 

! p^.-**' ^ Aaaa' I j> «Aj Ij _) s^«-a! I Oj l J»j ^ Q Ja 5 ~ j> J 1 j 
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AB 
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wi^Ji JjJ.*7 Jjjlj3 As*J’ U>-J i_*j t j.>- ^^ijl-^fpA ^UwU< 1 JiJ 

B ^ A c5^ a j^j 4 aj<_> Ia^ li.*^f J^ *4 a ^4 p^;^ ABC j ABC 

^‘Ua dij Ij Jy.} A JiA ? 1 <vJj-k? -AaIjjA fjlxi BC * AC <S ^ ^-A" a* J 

A, tw CJjj«2 Jj I AS*) iSJj>%» djte k-> AJ! Aa\j 3^ (jA^jhji Ai JU^j*J ^*l) 
.(Ju? ijtj+Ju Iaaj jl j o f ji CiA "I 61 Jt \sj 

A>[Xa J.$vj Ji <j\jl O Aj Aj Uo jlf^ *ili pi J *0*CS^ p A 

Ij t^j I J pAA^p^J i^JJ ^> ^I,Aj.plS ”^ JJ Ia</« k Ij JSCaX' i—L alS*^A . ^"C^' I 

p*A | i gj I J i2Ji tj p^ I Jill. !j ^50 J p : A_bjl J pA 

• pjjli o O-B* O Alaai (AAj aS '$ Ja 

( \k\ o) r O^\ .A .oj(^ AA° ) ory:^^ U J - ! 

jl A^s<aS Jj.j I ^j^l>- C^B>- <JUIj , wU)a^sL i£S\a,^3 J Lavj C-) C1 J oC ®C jl 

:*i—t J>\ J JjJ 

3 A'B r C r 3 ABC 'kAi.i'ja v^i.a.i*-A v!i>1^a 3 ^ t^vA —T'^A*^ 

3^ o)^>c» ^ ^.^Vi CC C- 3 BB B ^ A A A 'sS^ s ^ ,a ^ ,aA 

.tji.i A"B"C h 3 ABC w-i->-* 

o.H?-j3 .c*^f r^ 2 *" a^a (* A ^- A^B^ 7 3 ABC 

^U; Ji-A c j 0(k, 9 ) fC? <ji A a*S ‘(^' ‘A-f) J>^ iX^lj jAj: |*a Ij UjT ^^ 

: p>jlj aC ^Ia; jS' A) XS ^A Jjj pfcAj Ij '4 j ' l A'fxz Ij 


1- Julius Petersen. 


r- P. H. Schoute. 
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ta-J J&j' 

J2 b k ;: i:< Ow'A) 3 A C-A* £J* A i (j;i^~> JdA ? -> ABC -S 
45"" aS C*>j b -A*5^ '£***$' j>- BCj J 3 . B JA* 4 (_ji(J;d ^ 0 tS - jja . ^a J&-* 

o/-X^ijk^ C-S"^>. C-jL" Ja^ di iv .j jJ Q 

y>. I> fits’ c-*A «jlJoLj c->L*l oJ*-\ V'* r «-U;j3 _ y 

Cs^b-ji ^ i^U-Aj \y c^^>-^ a. ^ oA c^>ji OIL ABC ^tA-s-aVi 

. A-Co-j Ij I j I . ( o-^ f jS^{ jS C 


^Sljx* cSUx? aJ‘ _A.f 

JjL> JaLJi/ ^ db 4 j *-Uj j-JabJ jl o*A JdA*j "“a 45”" ^AS” ^A„j jj> 

v^?. A* 4 J ^ 4/*A 4rj^j fo^l^ Z^_ J** 1 b^J^A* ‘■^••''J* ojS l# . l_—£.J 1 Ij kilj 4__.i 


jb ^UoJsUj 4_; I J JjU/> '(^U^iai/ 4_S" A Oj> ^d 44 A 7 **"**$ 

<-$BCA j A-* u- -^ l .^‘iojC^ JA 

.JO’ <Ji*V ■^*>■‘0 CJa>’J^ apA B A?d 

^ c~A 45Cl b JULAb^* }^,yn>^* I j -b^ 3 ^ ^jlj* <^d4^A J j:*?'** 


\S y 3 b ^_gjA* <jb fjji S js . A'***»li^<* o ISO c-*? b b 

I j o^e b 4$”” )i f 1; 0^* ^ jiy^AL^ oTjl 

4$”*^; ^S" jjJli'i^fis b 4-C «AJ> C^>«J B4A^ 3 1 *(‘^ A ^^' 4 JA oBa Ij 

Jju 4 J a ■^ a5,: “^ C aS'.j^j (j-J S.^7 Ij j 4 C*-*■'1^'* Sj Uojldj I 


^jI k ^Ssj’b *-5^ (js*- 4 ^ c-*; b 4.1aij 45 \;jI bj 

cJ l?-i^>- 4S") JU:/I ^ i£J J>*A OJ^ tl^jl Jj*yA J : j :J.j lA^-T^A^i 

T i>/^Jji C(^b^ iliwA 1 ? Ji^ J 4r ) olJJJi (^’ tr* ;l ^ T 

o J Uj b Jii pA 31 0 ^ V b . 0*J» I y«2 4J 3 1 j b ^4; l-ij' JiA" y cr* ^ f - i ^ 

iajSiJ.^b^j. — \C«~jAj ^IpJ 4^1,! b J \ Ao " 4jjtj4joljJj 4^J-i 0>tj i£‘J> j* 
. p ; A^ jlw J*j 4>J^> JU/L Ij B-b y> <jji (j: 3 


ilf « * 


1- Procuste. 





4wwU£ j b j ijjj-iJjb 


>rr 


.U y jjU; _y 

X — y = o aJ ^ U«4j Jas^Ai c *~—j O J 1** —r 

jjU; -r 
•0(k j o°) (j-* 7 -a 
0(k ^ ^o°) ^'lir Ji«V — 9 

.o.«^l dJLi; Ja i aS** j I J/1 |f a «-Y 

■ t o»A*<*j t^oxj ol jl 0^*5"*^ aS^ '« J jji «Xo v-L — A 

, AX**^.*i 1/ —, \ o 





1 4,W f 


,p*Ai fl>jl J J Ij ,jJji J 

.oloj j*j Ji U j Afc}^>- ijM&i ojjsjz o^v l 

(H. Petard) •* 

X>x.A^a ^lAAkfl/ A*A l£ ^4^- “k *l O^- 4 ! *^ > ' t> (jt I 

Ak2/dL ji Ji A^Tp-ijb J** ^i-V^ •^j.S* , p.*Al^it/ C*.pL* >A/ jS^J.J} 0 ^$**’<•^*1 

^l&wl Sj{b f Ij4j O J*li c-j l* ^U jl b^jOtvsl J OjUtf-4f .o*-;: (J^;* 4$ljb O 

<^k4j .S.^'ASnj O ^ AS"* Ojib j& p**^ ^ Aj L* slJ J <J I * pj it * jXsJ J 5 

■ *X*M dA I ^Ji«A«) d jJ b Aj pA^b i 6 j* b \wm£ k» ^li»A*4 -k>* 

t3j$%3L*» Ij U<dL^ 0!^t^ks^Aj U 0 jib Ji*kJ dj jl O-jl J* jl t£jL“*; 

.^.A.* I *UaI^>- jj -UJ>- jAj gc/ jif ojJi aS*" 

jUju* c5lA4kfli — Vfi 

Ll . c—»l sJU- C-'^'* ^^3 (^Ua^U* J5 Ji J— ij A**^ 

AI 1 JL/ ^IL^U* O I <^-»Lj lOi^i C-l^Ai^l a 2> l*M^^*:>-Ji<jl $ jZ XaIj>- JiAsflJ 

^U*/l jl^l ji A< Z^£ k J> (S l*k-o IJ j I eaUU-t U A?ljl jijji AS^^bl .C~*»l 

,c»* 1 o*k» I c*~ aSj jS" 

1- William Lowell Putnam. 

-^j^,oJ^ei* oVUt->i JUjA aS"c—I u*. t^AAi L-* 





^ 3 ^ D <■ C t B t A aWu )\^ « VI •& ^u*ia$ 

C 3 A $ WAj\ <aSw^\:s 0J&\ys- i^a- 3 ^f** A 03^ ^i\i'3i i.^iuVi £_J 

. 1)^1 D 3 B 2 

D BD 3a>-«jb J p [j \j AC Ja^o J lj uiva^a^*^ toL*I 

O ^w/db kyPy^ 4 ^ : *H Jc^;* p*^j x;ly^/ q j p ,^a^ jU; q 

<(<J^l<\.^)j5^-il JjIIm uUil^kUi* 0 ji q j p jf I ..Ujjl^ ^aULj juuM 

(j- 4 -?- 5 -* C J A- ji xis-lj,:^ OB j OA o jS' y a j i^Ui^ 

<y D j B 



(u3f ( 1.0 jCi) 


(w t VO j£-) 


•c-«l ts3l>«* BD V ji» AC cjjj^ y-dl j3 t «A-tV (jj\j* q b p § J 
j! aCjIs iib<\j J q J p ^ v—**7y *—! Q J p (jjlAAiajj; t^<l-ii) 4 Si *■ 

l ijSS^a p 4 C ‘ A ji *—s^Ioj-j b . ^*jb ^^3 BD -? AC _>* cPP* 
.C-^b Aft! jin: ijj^'* aL^’ Q t D • B y 

jl^.>- olif D 4 B 3s? 12/ )j C 4 A -Ms/oi?- 

AC OUrb .Ai-ib qS)j d jib *£by <-^iy b D 4 C 4 B 4 A 

il <il^A yoiC cjjU>4; 4*U>Ij A:J>)jj-j J3 U D J B ji Js*3 J LS ^ 

t- Separe. 





l) Li f 


^ ibjl_/4 j C b Jjtj* *h>\j . ijl^Li ^»M>- j5\±s c-i>- ^IaaLai^ \&&>- 

• oB./ jij JjUj^ 

AC | | BD 

;JI/U ,c»-«ijj’ jl y{£* O j** 5 C^a4j lj aL) b Jji I 

AC | | DB B BD | | AC 

C^fi>- Ul wUJ'b o Ij lz>-db ji D ^ C ‘ B £ A AWj1^>- alSTyt 
OyjliJi ^^ 4 *AJ»U/jl^» lO>- 0 4 B ■$£>[&* C*i>* Aj O*«o C 4 A *kU/ 
^JB-j^ ]] j B ^ <J C j A y. $jf £J~* *bl> o 3St 

^U^.jbC'^l ti^ L ( v r f 4 b&) **^ J ^ c ~[;J>Ij ^IjJasi <*Haaij[$i* I aS" 

D -> C * B 4 A elf S j*~Tp*0 b BD -? AC c£ 1a J 2 * *f 

C ^ A ^csi^B-* ^ 4 b&) ^^ 4 «Aa<M; £-sb B J jS'X* 

csB a »^.b l D j B ^ ^ui^ Oi* 5 ?**^ * j m b 



(* < 1.6 J^i) (O , 1.6 J^) 

c j A ^ (ji bit AC| |BD Ai^b olS^* 

; JJ JUl^ £_llj jTj-b*Oi (Jj^lU utjjJi Ji ^ D -? B 
o_*j ^_1sIij^ ijd5sj £) j B ji *\SB^{BC J A ^ 

J^jASC) t^lo^ib A^C*-**! (J+* A fji'^i (^ 4 \«&) A ; <s£§ ^^2**' 4 -' , Jj- <? 



4 -jjUA LUiJU J i£js*> • 


\r? 

J£|X>- sjjS’ijAj&i} ^JjAA Wah'Jzj a!? J&t* S^jfj) b iJXS ^ 

£-Slj b } Ja»- ^*y b A b j&* a] a5j J l^>- <j I c XX l *5 A~“* Abi/jiji 

ijijji* (J LftjJajj' oto-Ji i U- .({T i \.$) J (*i» O •&) ‘ 



(* • <•• J“) 


(£ < 1-o JC4) 


wL9 <jjXp-Jl JJ ^ XX •CflS’ 4>c./ I 4i 4>>J.J b .XXb^g.a ^ I^J Ix>- 4.J C_~.*X flXS^A 

Aj lj '' v t>)V~» \si.&. (A^ 44 <—4 X*Xb £-51J Xbj? b Ja>- <iij aJoA/jI^;*- aS\j I 

* <*S*^X 4 j£ J £_ ^X 

j i**> 1^>*^5 vjiJ5v 4j 0>;<“X lj (D 4 B) 3 (C 6 A) 

Aka/ ji JsIXa* D J B y b C -? A y oXjJX^ $ v .jIA ,a eIS' j& 

# XaJal4 L j Xl*klo b 0j£ jjj IaS*£XX L 
j IA <j 4 jA ^;: A oili J?b»j! ujXjj ^ j-X Aj a—S^X'U/ AiiS” l; 

.J^jj-a^X 4 !j ^JL-lX?- 

5>\ D ^ C ^ B \ A ^sb ^WUAa vjj-s ^Aa9 


^5XCZ)+5CX^D > ACXBD 

,,xAi AC | ji?Z) ^ w»*»\ \SA*x 

c**»>ti .0.^*1 Ul xjli ^il^jjjl^b AjJLj a$~ x*>. yt> a^* ^J c^IXI 

#3 Ux**I b oJj<^> ^0,$ *X*X b £_il j JasA XL Aka/jl^ij- aA jS \j t>- 

:*fp~ST^A ^ J (^. Y X;.) tfjhj ^4/ ji^3l 

AD = x « BD==y « CD = z 


1- separation 



\r y 




f 2 


AB=x—y‘ BC=y—z‘AC=x—z 


&JJ2 


; <j* C* ^ 


AB X CD + BCX AD —(x—y)z + (y — z)x 

= (x — z)y== ACX BD (\ — YO-&) 

AC 4 4 J—^ ^ : >^ A 4 AC) |BD -cAb 

AD : DC -? AB : BC D k B ^’-bJJafc 

l j*j BC X AD ^ ABX DC A>t.jj j 

O: 1 ^" Ji . Ij^ c^!>Wa- BC X AD -? ABX CD 6iC^C -* 

I ■ *Ua>(_£lAejldj 1^1 jj ( \ — Y; \ ,£)aLj I l>- 

*ciS" ;(<--> 4 \ ■ (i) (J^**^ 4 ‘A-i b jbl4>- D 4 B aj c-w* C 4 A 

o^A*i Ibal^t-* BC X AD J AB X CD <s 4* v b u b^ t a;*l a*u> 

“blj jl 4 ji Ij Ujb^ ^^jia ^Uejbj'! ^:Sj cJ U- ^jI ji .JU-iL^* 

ABX CD JbUr U as"ACX BD ASbiT^^ w YM-a) 

• b^*> i J.a! jb^-« Ji ^jI ^j I ob (jj BC X AD 5 

AB X CD + BC X AD > AC X BD 

( YO •&) A>v=$ ( X-ilj £-$ I } Ja>- fctlijJ aL At jl^>- aS"*"^*] t>- ^1 ji 'j) \jj hj 

t C«*"t o JiJj O-J Ij 

aLaj A^j p.—C> I 4 J^b* £-il_5 ia>> aLa; J> l^>- aS^^'J l>- ^I^,j 

it k 4 D 4 aLa/ j 4 ABC ovC j ; $Cj 

J*J2 .C^b *Aa!J> jlyjT ^jl> L J>b L ^ C—*! jJlj (jjJ 
:o-Ab ^D>- (Y^-Y b^S) jT^SCj (W^.Y a 2 vs?) Ai.»iiS A^ b 

ABxCD-f-BCXAD > ACxBD 

o^lj Ak*/jU>- Ajfo-^l j\Jjt ^b ^jL“ 
fj ACj j BD ^ JiU« aLj I j c-^a 




.A Aj 


f .> p fe it b>- aS" D 4 C 4 B 4 A aSsaj jU>- jb^Al; 



uij'b j y 

i aj ^UaI^U (ABCD) 31 cjj^ 

^ -5 ^ •—j*{ J J_*-• Ojj^ 4j U>4k5i 

(ABCD)= 4 ^ ( u - -^- • -AC) 

AD * BC CB DB 

p , 2' w ‘^ ; AC X BD t^ jl ' >,: '' 4 ( Y 4 \ • j ) A+*J}.S J } aS'\ j (J^IaIsi D ^>l 9 ^Ji> olS"" j.A 

i *\5*" »Aa^ j l| U t p»4.A^" 

*k>\) <v& >\ \^ *kiu A^ A-^^Vj ^V^JL-o *&\ ^j\ ; i 

{ADBC')+{ABDC')=\ 

.^Vi AC | | BD o~a 3 ^ ^ o^> 

*.S $ j 3 1 ij>-j-i \j jl j&*l ((^j U i J^» j j L^aI; ^ i^U jl 

( ftj j*5 j}. 1 I J{_£ J Lw I .A:*-4f\> l A'SAS^ A>tJ I ( jm£\£’ ji 

C 4 B 4 AjiC^ A-o j !jt~S"^ IjyJji oj*$C 4 poA" 

jC* j| Ij jl jl J AUS"^<a ^^2^6^ ! J i j^ ;>t *'* (Ja>- til* h) o j{ lo 

:aA Aj X cSUaIsa/ 4^,AJ 4la£; *U* 

BC| |AX If CA| |BX If AB| |CX 

l$*?,j** 

• A$* ^■S' C^j Ij _ \ 

(ABCD)=(BADC)=(CDAB)-= (DCBA) 
iiS'uUjij^l^ Ij (ADBC) + (ABDC) J-U -r , 

^ A 3! B ^UaIvsjU jj C -? A £.A>- D j C -? A <j* B (C*J I 

4 CM3ID ^UaIvsU c**~j Ij c^i jB C 

AB _ AD 
BC “ CD 

^,^i_id>- a>_u ... , BD.AC c^l^ia^ A/sfc ^3-DI —* Aj Iw s-^&.c jl c~il:ol>i — 1 

.C***>l C^?^ 3,0 ljfc4.3a.AS (ABCD) Jj Ci-> 

: 0a.il> Ul-J! lUj ^j <0) 


(ABCD) 


AC 

AD 


BD 

BC 


(ABCD) 


AC 

AD 


BD 

BC 


iizA dl>^> Im^a; a^^xI l=-ji 



.w—l ji j* Y) j ABC (o 

.c--^] gj* ABDC (v 
ABCD (O 

VW! -f.fi 

.JUl-Jjl/jjj ffJiXi 1 ; j^ 5 j)) lJc^S” A) \ATW- 5 

t C—I 0 * 3 /* O 31 JiU 2 * p aL*/ J k A> .J o jS^j 4 *4 CO C-f U 0 yji 

a: 3>\}J oSjj^Jl j OP jl aTo-I p ; &** P aLa/ i iJijyu A> b 

OP X OP' =k T 

SJ U jjp j {Ui .0—l p , p a 5 ~^ o A / UriCl 

U S,*U t oTy OJ^U OjJ>- Ai c_i»- tj UaLaj* c5jj^ U OjU; 

oyji oTjrjUoi £*IJ 0—1 CO <j^* ; ' oji\* aLa // 

A_r ^Uula*/ I4;; .JllS"^ Jt m JJ jS*j£j Aj Ij ((0yji ^Tj^J J*“li)) cr - ^' <>JJ^ ; * 

.JUii I £$ljkU; £* b (J 1 *j*" ji fi ^j A J*V 

J.aA <jt£« p 7 t ,Ai L.**j Ij (*~k ^■•'• 4 ) U&* vilj P atS"^A 

C-—)(_£ UjJ_l i r O j* j a ® ji ^ J A (j-'*^**-* 4 0 ji -$ Aj Ua]j>- Ij (j^ 

k T 

^ij^O? jT ^£>0 nijiSU O j } . a5'12.±j& .p' = — ^U-^» aj j O j^j- 4 A -- 

r 

^jl ji a_S"c— ib Ap-y j,j U ) .ijTlwl oT jl J{L (j O aJs«/ a:JI aS"c—-I ^~»h 

4 >A«ilj ( t _5' 4 ' ; AZ**i _»->-' -i-.j dls ^wtSkj I oJ^^Aj .O-*— £-3 (/23 s * ji a\s.A) jA (J.A** I 

t>P A; <J>OlJ (S J-i 1 ^9 J U I ! Ji a 5~ij-^* AiSCU t>jJ A > A^-JJ — ^ 

As |j jU. L C*-iA i<Afc J v ia 3 As Ij CO aT. 3>\y> ^ ^ 

Vjl AS' <Afcl^>- A laaj M aUaJ ^ 5 ^*.*^ J Aii^S ^iaiji f li 

Ji JafiS < uSs jsu ^ii^slis . OkJLla OM * 0N1 ,== /A CU J 0>*»U 0!M iliAIL&0> 

iJ-^3-0 ^yi^z^A R = |/ ( U ^UiAs J CO JsCj* A-} 1 S^i.1^ OU-'1 0*i-« H aS^^J l>- 

23**~ 0 l ^ iiaAj SiAsJcXS <s^s IAS^ 

^U-^Ajj co // 4) s^sli IaisI (jU^jl ujlifoUj y» i Vti wiM^j 

I h £.9 U A'. (Aslai jS~ uij j*J Ij I cj ! t^\j.~A^i J AxS^S^^iajJi Ij k 

' *t\J^ ^31J C^ZKi iJ 

iJj^ A^k-./s CiAAfii Uoj> 3,i IwJi ( Y.^) ^ Oiw?^^ ^ Jr*i A_r Ai Ui AXi.sU 

. 0 -*! 


r- L.J.Magnus 



<WU£> J Ijb 




J$Cl Jjlk» , (c-s S JA i j>-J1 ji J3s p' XbKij&t^y O A f P jiJ 

f^hQji ^ ftjt* J5 ^ ^ P * to ^^'1 SjiU (o;M c T'.^) 

,^;S^ OP y sy** U TU jU P .J**U 



JJ5 4;U,?ji .jjjli^ p ; J> OP ^ f*"*’^ to ^ U j T Ji l^L.,* 

OTP ' J OPT ^ 

°*L=PI- => op x op' ==ot r —k Y 

OT OP' 

‘to ^Ij p / * A <jtt ni iS^jt 1 u^^ji P P <ji 0-^*- 
ia-wj p c Xf^A U 3 T J* to 4 f-O O OP' ^ A > a^'J : 

.j.J'Ij.-v* p' OP' 4 TU *Ja5/ -xj TU 



f ^ UiT 


(”) j 4$”" Ja>"^*»$\**^ 4$"”A.**' Aa I A>« A aJ ^ J c . j ^ Aj A>- b 

uTjl j(c**«I U~*»| jTjt 0 ^<; ij>) iAA?^ Q j (jloyJi sjjSj 

P j a y. O AbAb ij*> a /> A a •^' a iAAf ^ O^aS" 
P' Ai OP ^ OA r ^ ^ ®jib t aaL a A' a a a> ^i^i aU.* 
: pi J bj a^j l<l:» OP'A' A OAP A-ll»Ji ■ A-S^^ ij J^j* 

— =-°A =>- OPxOP' = OAXOA'=k ,( 

OA OP' 

OA ' J 2 * *>{ *jl^y a 'b ;s “ a! j&> ijaS^*** y*t • 0-^1 P P^ ^juj 

•A—t £»lj 

ip.j^* 5 y jls; J 2 A 5 "c Q iLi/jl j*p 4 j c 0 A f j^JAj a ^pijl p^ aLa/ y&^SsP^j 

i jAS” (^) aS*"o^*j b^.& c (ji.^ y b A>A I a ji O I 

J O A5 o^jiji jS’l OjAS"^ O jd ^a^ibuTjl i>*«■ AA^I ^ksi 

Ss> A^i 1; P p f Ji^S^AAiU^,* Ja>-Ji l^j I ^ AIJjI; ^a Ui« p^ 

ia.>* ji If* 1 t a:aI ^50a5C^j O A^ AS^jii ji .aaS*^* ijj >-y 

.o^I ^j! y** 

l»-^A IA ^-^A-a jl£«^A jl y> <aIAU.SAj a 5 ~ c^i jLi>-lji *iLn c^AljP 

J *—c.*~S^ ^ ,^*A* A«^ \VA\ Ai 0 *>>*‘*j JAa!oA^>«*j jlA*>“ aS^j|j,j1 , ^J^' 

cJJj** fb' A) ^>*9 J Aji^S” £ I y>-i^;J| ^aA^^ 4,\ Ja**»^7 jTjl^iJU i Jj' 

f* 6 ) JfUa- jA'U .c^l 
O Ai cO Ji a U4iJ ^i! 

y^UJi 4 ; Q J R jiJ^A^i L 
Alf-jl PQP ; R ( 5 A J J f Uu 
As 3 l» J : ^i.T b J j^ 4 j ^Aii 
. O'** 1 ! b < a •*'—'j A/ioAA 

-Snj A^j (J [*£) I J? bj j } l—->i A*.*) 
4j Ay toAo JZ V j\ <^>Jj^ aj 

£^£~*a ^jAi A^y fj,\A> jS 

j| (_$U 4 .jjlj ^gUojlA /1 Ul CA**’! 
y> j j^j Q aLaj j i *C-*-^ 1 jty* (3-^ 
AlaAj* j{ I j I 4jL^ jAi A &fiAA A^+tii 


jt i Ap-J^ \ c*vj ! 4^ l> J : 5^U 4iA ^ji.A j I ^— 3 c 

R 



1- L.Lipkin 


r. A.Peaucellier 









\fr 

j>* jjx^* lj jl 4!lf419 J (j> Jj** jz> P “XaX* Ji <s* 

i -X*^b (J^"^ ^jAs**a Arnes' o*^l u^vaj P^ 4i s.Ai ,*xi&2^a 

L».-j X 4 b (jj^ £j*j> \ I y m j 

OP - X OP'= (OX -PX)(0X+PX)=ox' r - px" 
=OX , -[PR T -RX r ] = [OX , +RX T ]-PR x 
=0R ' 1 —PR r =a T —b T = c, ; i;jUJ> 

J>\ Jt O jl A** $jS ^AjS J} 1 J JiSCi j\ ijJ U *k2j ^yS ip I 

*^4 a —b 4 y\y O 3i l^'T^ij j$u>- j a+b 4 

S ^*5/ O ^ e/y&J <++& J^J 1*4; j5\J> fj SP 4*J“ dlS"^A 

^j! t a^ilj SP J jb 4 yjy O ^ S a\*& 1—9 aS^^^JIaj |t.jjlx c-j 1 * yj lj 

jtAA*4*»^Jaa»tiij 0&* {£* O <&<X&' C-»5”"jf P 

^ J.? aS'<z~*m‘ J 4a1*a> ^yJT \c- 1 .iJ. a!^>- 

aS'^+iS'^a y+,+j2j^ .0^1 *C>-1^ )j ((^jiS^Jap- j) OJ*^( ^a> , j***’J)) 

Ip 0 ^ 0 ^ Acs’* • ^O-X 4*9 L ^5sO pXr**,* Ja>> jl Jap^ C^15;~I 

^Jlj »A*i ^*i**«^ O-X A* y*X**nA (Jl *S"j>- 4 ,S*iJ^.ja\ 

j\ j& aS" e^j|i4-wi j I 1$/U5"' t J-* t-i 0-^1 ^lS\Ji V L*~ t w i l j 

j j&* C < B ‘ A _A” J 4 ^J5C (JjP ^ * «A—-* jA”” O 

c£^ O ^lajw ^ t(o <T*A) 4 oi ^ 4 *^4 l 5W Mk ^ x ‘‘' 4 C f 4 B r i J\! 

h O 4U; <j5o jL .o^l jtj~*y ifJk- isl**lvb A'B'C f ■> ABC 

• ^ J J I * ^ g * 4 J^-BC 


OAX OA' —k Y =QBX OB' 

A 





^£*51 4-jUab^LiT 

3 1 ^ Iaaj jljj OA'B' j OAB *£* j^ty a***;; 

OA'C J OAC j! ^{b&AijIj j*Ab 0^ j*j ^ 

A. ^^4^.>t./*li BOC <ji •'■b* j-^j‘ |*^ b *-^ I o «-A^> Y ,5 Jp t) 

•pi-^ ^ jt^ ji^ji ABC 3 ABC ^ j* ji A' 

BOC- C +A r B r O+ r -f iVCO 

A^B 7 O = BAO -> A/C'O-CAO 

BOC - \ + r +^+C^-B 7 A ? C' + BAC 

: fijC 

COA- B + B' 

^{ +T* C O (♦: j C^l5' 4 ABC jt ^ j^* A L ^i ] 

S.:,_\ l, . ju.il; i y^ A jjiU, A'B'C' ^ jl B' -> A' cS^.-iO tsUoU-l 
U A' B W J C 1c iji* A O *b&> 

t-U-b^Jilj ABC ^J-- 4 ^rjU^ o 0 v ^ JJi* 

t A (^LkAkib' O^jiy (3;^^- A • ^ Ji *^ A C 3 ” ^ oU- a Aj y }>■ ^ Ci:* J '“ J b*l <j£-?J 

O <—J'liwl Ja>- db^j IJ C * B 
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jL.Jt.^j ^Uejpi 0^1 oi^>Ji A) JJ^jf P 4 L3 j 4^01 4; 

J 5 ; Uo^jli ^*1 4 J—If ^ i^Pjp ji 400 tLl> ^be jib J» A*A A? i jS"p—J jlj"^- 4 

If Ij jl .AOlf j \ j! j*P flj>bji 8 J Y jS” 1 45"-UAi^.« ^JaS\.£J jib^ AOi *-3 j 

jl flA5"jA (^Ud^ifijl 4tbjA Af A’J l;>- y8 J CX.fi jff-b 40iji p;*5" ^ y8 

3l 0 ~JjLp Oi/ ^1^1 JjPi* 4 ej3b 4 j ^ o—1 i^P ^jSii ij\A »jib 4 *Aj> I 4 ; \ 

J jl Iji 40^ «^Ij (jt 4S^t J z^Ji (ji I • j^i-5 4 *aai^ ^jjjS^j^iiJas^ 

0 JIaXi 4I^S^ ^y'. y ^ &&Al <jbA4 j elS” jA ,«Ajb_^^>.P j ifAjJ O-^l j^i*^ 4^*"^ 

^UaJ^U^ oj^j ^il ji c pj_ jaS 3 ol^;^ ^Iaj^^ Ij |*a y i j-^-p Ja>- ji jjil <—-^1 

:jl ijj j;a) j>- o jl; p jd'j-5 AOiji 

x T +y T —Yax + c = ° -> x T +y Y — Vby — c— ° 

4—i 4 J.Ji’lj c ^> o jS” I .Sij+kiA ^UjlJi^ b J a bl Of 1 *jI.Aa« G i A* aS" 

i! j~ M 11 r-Y) Ji 4$"c ijbjf ji Ij 1)^:0 ^UaLx/ o>b (^beyji o«*>*j 

0>lvaX>t^ 4 j Oi=- ^s\s.ai ji JijSsii 400 Ae^ib 4 —Ip-J i 4 O^l o^-** 1 Alas-tA* ji 

4.004; jJ i*Ojivs > ^ 4 j e jii^Ji jl Ij 4laij Ji I 4$^ 4 JdS^" j-O ^ —[— ]/ C , °) 

: j I o; j Up I 4 ; T(j Ia 4 ) i U* 45" o~; I i o^l/ 

(x-/cF+y' = o j (x+fc) x +y^ = o 


4wJUA 


Ap-Jj AjjIj Aj oU^Pe* (J,\&Jj>*a t-b 5 * <3b^ C 0 jS" I 

ji a*, a c***^' aX*o t£bajibj^vo ojUpAj t c*^b jti A l^>- b Vb £.*pj o^a |*a31j 

JLilj c = o /I ,JJjl JJ jjAiaAjj5\Ji Al**^ ^Uoy b j kA*$^J>* Akib* 

oIJy jj ai*o y> (_$Iao j#b a.*a ^*j ^ pi-^b ^Ajj ij*p y bi<* (jjbojjb 

(j* 1 b.'' 4 ,,^ jPt.* J J ,J I ^ jJ L-»««.J jJ Aj 

JpUj" y AS""^k>- b l^j I J/jIaj* jJ <_^*M>-jJ jjjjJ A2*0jA (^Iao jl b t— ^ jJ 

<j^ 6 ^b oyb A^yji !>bu a$"^ jl** ab^ybb jp- 

.o-^f ^JijjSbj Sj{(jJi 

AP j^p*,* jl yp A; Ij (Xj3 ji\ JJ Ai*0 j_A 4 t i^ik* ^j^SvP Aj A_>- j.# tj 

^^♦a j t j jlsToijyj *bb j*p *yS jib^ a**oj! 6 J Y Sjib-?^jj a*a aS^^j lAff^j b 
jj„.p J a bjj ji A^.A AS^^jUo^ib APIj yd jibi A;*0 

0 jibiiji J ^-»p tfU 0 jt m b Aa.A J^b 0!jS j'b^ 4^*0 c ybj O^bp *i Oj*J <-A£j*7 

..A^b^y ft J oi Ji JJ-*P ji b^ 

©j{bj A Aj C-*m./ y (£*/ItJb b ^kU** P J O a! v/ J J J J 8 J Y S ybjJ a IS" jA 
<_£ ba^b ,*Xj jj.S' ^ p 4kjb‘ ^Sb.* p ; ^ aS" ^Aj^y J2>- Jj O jS" j/> aj 

^Ia JJap^p^j i X&i^A J-5C^; p' jA A>j> jA p.A ^ Jib;> 3a>- J>1 y J>^aP 

jk/jiijjt^# AkS; oj.Aj ojibji olS’jA yd jj I Ji A;*oi Uejitijil 

8jy £-kU:u SjibJjj ^ .c*^b jt^b 5 ’" b ap* 4 Ii ^j^A ^ajIj |«.j 

jt^jjl;>- ojjbji ^pu c Jii-ib ij^p j3 i a t^bo ^b^, ^ioS" jA a S' p+» j o^>- h 

4 Y*6) t J-iti ^?fj j3 J (X o j»bji Jj^ajj j A 

As^'jii A^SJjiii jl t (<Ji){ 

Ai \^ ^kVai* 3 i.L ^ttcijijii 35> Ak.^5 Ai -1 <Y«^ 

'^y> '£? 

p Ij O <S bAk^ jl j ^Isk/I o jj b j?/* A^o«^l tj+rZ lSI ji 

0 ji b jA t j.-i Ij ^.il J Jp^b CL olS"^A wjtiilj'} Cif3 ^.kUl^j*Pji b*5 Al.vo^jl 

jS^y^A c?bdjib (^j j-Sv^-^rij )^jif jjjAj Ij a bib (P b) O f'j AXi . 

AS" Jj (j I P^ U/P Ul A*-^ I -Xa Ij I j ( y^/l a jibjS^ j^o l^ j.A. J jS^ 

p^b 3 " (^bfljj b c-ap- (j^/U b jS"y pA ^Udyb jSk j c-i>* ^ ap« ; :;j^ 

C*^I J'i^ ,ji I APt*^j’ JJ j J,j‘ U -XAj^p~ .kj.A>&* I^j I^I^pU-^ tfi aS^ o>-b 

P jS" jA Aj y^j‘1 OjjbjA i ^P^A .^j'I^j .^jb J^ ^ 
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>Ja j> ^ 

0 A J* 

^^t J>^ A 

SyJ 
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^i> a **» 1 

1 ^ wIaA^ [j 
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c ^f 

A-0 

0 ^ J ->) p * 1 


ft J a o jt 

1 A Ja « 3 l— 

csb )) S^i 1 A f 
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* .'(, 

AL*-'' 4 ’ | jaa** L.-3 

«jl~ 

**.+} )) ^ 

1 Ul AJJ^ 
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(0 ; jS ; a 0"c^>l c^b* ^>1 4 > l^x> c:}Ua*»l :->_?-£■.c it c^IaaU _1 

A_S^ ^xi U*-->A ( (AX.i lj a5Cs^ ^yS^.x.lA CO 4» f$ 3 Ot 3 AAbLi c^jJa 4z*o cUj_ &J ? > 1 

.c— I (3 3 a oj IaJao Lw**i co c*^ U ^S^aL* 4j ax*,LUx.* {3 3 €t 

C N ^ 4laAj ^jJjA f^-**>^-*» ,j“b>«n_J Ai JiA^j lilj j! Cf 3 Cj\ 3 C\ ^Ais-cA.* «-•/! 

jL*.o,*j C\ ^As^A-n * C\“ 3 Cy jA AXziiS ^i l JA <J?"\ 4 i^tij L^J 


jL*.o,*j C\ ^A^A-a * C\“ 3 Cy j,j 4 ia*j ^>.1 OA fj-V'j* cSl^-t*-* <j?~\ 4 i^tij L****j 

3 AAAiL o ^iIa b*As*A .*'Jf t ,J b- .a^^^a oA 4 ,aU i^j I ^.i»Uj ^-LajJa C^ 3 C\ ^Apc^aJJa 
jL-A-J (jlUO^ks Ij o^Ja < AbU^O Ia^AjL-o.^ ^ ikflj OA^-’A o^Ja dij 

. aaj q 5"" ^ ,$o a S>^JaOa 



Ui j l> j iS Jj*. I 


SC& 


J* dj&\ .c*-5>b <ji*T «j8 ji\)± A (o-SjjI^j aco 


C-r 


£ Aj A*m23 ^SnP cA*f A; 


^c. *yAi 51 ^\ \ vi\i *Aysd:> 3^ -f^Y'fi ^U*s9 


A»\iS 


31 v_§\ \ 


A i^s Ai Vij*s \ )V*»*,^.i.i %j-Al ^ yj*V^,* \* ^\fc* 

iio ^s^Ai 31 s.^A)\i *\j.j^»\,i 

A_S^ JU JjA*j £_L tju« ) Iz-^j.) Al-lb £_JaUl« ^S" I ji_j 

lj-1^_« A>*.-Xj , { ja-S\P J^***0<5 *-JaUl« Ja^-Ji ^jjl 

<_£ Ia j o JjJ j AS^ J/ jSsj S>-j_ j{ 2 j+C -Ojfi jli ^Js lil.* S^jliji A^~ 

.AX-llj ^a l^l^-isUi JpUiJi ^JaUl* o _/db-?l v *d f^-* 0 _;* ^I^-jI*.-* ^J (^AAjjlj 

JjJLj <_$jl j«* Ja^-ji Aj ^£V I J 2+»j‘i *U-Mj j) A_r ft 3 & oyJ-SJl 

• Aj 3 ^Aj Ab-^-j o^db -Ij 3^^j-va> A?t**iAj 3^ 

Ij 1 ^.j I ^o1S!aj | Ja^^.; ol_* J (_5^ t A—a> U A—a> iA j .*] j*~*a aLzjjj 3 OL oy li.J^ olS"^A 

ojl\s±>c~~* / ~ic>ji\23$ ( ji foJjjdO^ OA^JdA' b 3 Q >ta , c£ ^ jAsjSAi 

A>*-aJ ^<P ($>j i Jj,jl; l)j j.i3>\j jS\iJ.£i ^£* 1 * l^.j i jZ' j* p.Aj ]/ a b ^U-i aj 

SyJiii fi 3 a J?\ .A/j^jU**/ Jaxa jB j a 


■ A*k L I 4 * I te^*^ ' O l^.J I J O^jdb ^Aa4*i Ij 3 b»«,< 


Uw^> jJ* 

f A y ^d3(^lAAj.5U>» Aj o^j!^ Ij J-5> L ^j Ij C ^ J C <^UUj \j A>- —\ 

L j ju>.p 

x' r +y r —Yax+c=° J x'f+y^ —rby+c'--=o 

I J o I i aS' taA^-^S^" Ij .wVjl^^l^li p^A Aj i^^avwvJ — Y 

OI <j? ^t- e b-i ^as I Aja^lj Ij o-v«l jt I 

Jjj I A^.A jZ.JLa Asa.) o IS" jA . J.j j-SLi jls! i J |»A^j jj_! 32 Aa^^JJ 

4 >\) $ ^Jj bAo o^.j|i ^j j Aj 0.*a*»j” Iao^j li J i I %jA$j^ j A jt 1^ 
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0 *i ^ oj» ^ —Y 

.0-^1 ^4' ^ J^w* 0jtf3 S^jI^J. 3 ^i^aljj;5»s-« a5" C^j U 
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t A. f 4 ^aj jl^ (j^ 5 c~J i>* ji 0*^1 a^” ^ A'B'C'D ^!Aa^>Vi 

; A'B A — D'C' : ax- 1 ii Ui ji-Mj ^Ij o^b Ja^4.^ D' * C' ‘ B' 

.(A / D , = B f C / 





IC*J I l) J UiT 


:<X) jS*> J&i Ji 4>'irid>- i jji 'j cJ l>- •. 


AC I |BD -C.JI 
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£.513 ^iy. D i C 4 B 4 A — v 

I j L^>| jUm^a/ o ji 1-5 c c-*m>I o^X-i o^b ^bXiufijJp’ o —Y 

<i»U ft Alai/ ^***7 c & *Adj J I Y' (jij'*’* J* ^ 

J^l^L iS^j^ j* ^ f$ 3 CL U-Ji lj Gift jJj* 


N ^K*5I -A.fi 

^Jd JL7 J 3 3 < C-^l j$Zjj£jjl l^J 1^31 j>tJ I ^51JJ3 SJ;;; *ijl j 


ojili 3^ jL*u**ia3db3ijf jjd,«-k*7 *{3^3 JL»-«.a/<0 

!j ^ jl3 (jil ^5 s.1j ! ^1 .X&^ uiva/ (j 6^jl3 3.5 o'ct- 

© 3 d b 33 j I ij y 6 j>**3 j*3-**7 U*« jt*&jl b 33 3 1 ***.;/ Ojili 

SjA^tT {5 I ji 3 i O I (jiJ Aj IJ j 1 l^,/ I J ^AjjsAi 

^L/ tf3 '-3V J &si\ ft; ( j=^j\ f3 j cl S 3 ^ 3 * <^ 3 ? 6 (jr^ 

3 413'bjj.Ur ajS 3 il 3 i 47<*0 4; y Jjjb J S'\ 4jli /33 ((X , j 8 ) 

:pili 415 13 l33ij 4kjlj Xilj£il3 y j« ^ /} 

(« , P)+W , r) = (a , y) (wa-6) 


©^b <kv t 45 b 3 J 133 4i*o J.?- ^IaaL^; 3^ (_s^d [J j> J* ^ LS** l^l 33 

^ajf 3 33 31 ^*a;^ 5 ^ Ji^ : " c 4 b c a 4 jjS"^ j>a S 3 ib ^ *>jj> y 

:ds>\> ^ 313 ? 3 ? 3 d 3 4 ki 13 ( j-:^*A 3 a<b<c l d a>b>c 
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b g c 

c J-T (J^ ^ 3 ^ 3 ^ (J^ a5\^j I A) A?- j,7 b 

a“3/jJ j± j aj 
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(r«A -t>) 


(a,/3)=lg— pi jb«A4.l 4 a<b/u(a,j8)=/^~ a > b /i *T 

£1 D 


^ o 4 ^ b 4* pi;>jl5si {j*** Aj ^1 o *X*i I j>" (J,\ j\ AS"* log 
fji ! jl ^ij* \ o A-i U .JU>ti^ y == ^ 0 X ijlx* Ai X~logy 4 k;lj 

jt5y G 4 i b l; (j j *.5si o i*y£} L jji o^b o^Snj ( $$ j [*»/!a<" 1 4;jjjI5v> 04 ^ 

:U^I j* c***d J ^ Ul* ^*Ap q 4$”*«A/ 

oo 

e=y — = Y/Y\AYA\AYA'fM° — 
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o 

X = Lg y oj_^ aj 1/ x~ln y Aj OuTaS") x=/gy 

lA^O^i u 1 ^A*-* 4 j y pIjjlSUj) IJ (jl J -U*vJ J-J 


y-e x =2 
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• jj J p'i ^ l^si 


t Y f 

/^(\+t)=t-y + y-y +••• 

^)V£A )\ w« fc i)V^a ^3=>\.sbu> ^ ^jpLSti*‘^c-3b ^.^''S.j.i \ '—2>S\ 4 j Uj 

pi (_$■* I J J-3 A S~ I J (j I b§P UJj b^S 

j£ Alv*o 4; JjJju* ^tfctfjib ^l^bU* j A p* (^bo jt b AXi>! 4; As -y U 

A -) ls**^ ij> j- 3 jtbi a;^n Ol^Ucjib {£\y «ol j**> l)> £;>• «ib t oi^l^ 
3*1 1 j3 Sjjfi J} Sjib s oji^ Aj oJj Ja(^ ( VA-A AkWj 

(^<A>* O-I l>> ia.^ Jb aSC^j l (J_3^ L lJ a^a/ IJ Ig-j I ISs^/1 

b ji ^U- 4 0jl b-?J j (3t j>** I t'S’sji p*At^ sIjUh* C JA-Jtrb^ 
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J5C^ b . p? j-S” ^ jia/j^ f j Ojli^ c5^J^*j- 4 b J^MJ.1* o jiliii O^iS^I 
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ilCxi! L.XLA b J> Li? 


n Ij 1 c jdlji ^jiI ji .xs>b j*j u^j y* ojt\i Jiy l ^ 4 1 jl 
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| bj C/A“l cJjJj** vA****>d£‘- ^ |J...Lib^y j y L>.^ 6 I ^ 
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«d^l^ oj^ ^dOi 4—S""p\r^ Jd*V 3^y p A cS^oy^ ^ b y’Jy* cS^ A &yb 

l^»‘I y* 4.0;^^ Jj-U" p.A b jj\y ^Uojib A * J*i uy 
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(v * A-o J£-) 

j a o^l jlS” jy a 50 I jS”*y*p.A Sjii^ji a& ! y >y b t J-ib y>jy* Syb 

rc-.*>b p^Alyp* * ‘A^b b) <£ d-5 

oa=^-^ j 

Y Y 
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:*-iJb j c^>! 8=lg -?- 


a 

77 AT a-b IT - ' 

sm —=——-—=• 


( S-Y 


OA a+b a 


+ \ 


:»+t 
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:L ^ I y «j> bJ^-^lSCu I olt JJ»U jj = f Aj^S” 1 

S=r/g(l / 7+\) 

l^j I jl ^I*AST"^a aS^o*.**! o^jIa ^ jt^' } y I ja 3 

o^dbj* 3i j** ft Jk U*/>)) C-*»- A*« Aj ojib fji ! .J-5<Ij^* 

l&** J ^jJ I J ^ I (^ : I . » ! ^A>l-*.. fl ^**lj lA*.« 0_jl 1,5 J> jS\AijS\J £ fj£ Ia&^J ]_J <\^.tb j) 

(J'- ^'* jt* o^/d ^ 3}j A i A—.5^^ Ju-ji c—i r/£(/r-H) V ji>j; 
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1- Gauss, Bolyai, Lobatchevsky. 



^ Jy*j A jt J jb J i^Ij aS^LULo_^P 4 ;>s<U- vS>U jl 
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csi^ir 
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4 Jj)4z*_,S*^U Ij ol*i**j a^jia AS^jjiS’*I 

.o-jIoS ' j>- \^jjJtjz lj ji (_5j**> Af L-i 

.xj i>^ y? Yoo jI i j^I l>- c- ; s jc^'I aX obtf 

^ JjIa^J j 1 4-vai.'! J OJ-vJ J} *X'S~ oS"^>- OaI o I JJI AS” 
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^Lsi Li o Ji aLa/ li Alai/ . p-o Ala>-^L j jiJTlj AS" ^jI^IjJLj A.*.A Ji 

a 5" ^ j jT^ p.A ly 0 oTj &• I li; I j (((_£ ^ a>jA^ 3» A^isi.*^ L**w 

^ l&u* t Ij Lij A>* J AS" k JjX>- y, Ijlf J.J JI aLaj Ij Ja>- Ij _J Js2>- If aIsa; 

0 AlaiW^A 4 JjJLJ 6 jL \} Aj O^J ((jj-^XjM j )) «AJ 4 
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.C-**>l O *bii; ^$v> AS" u**-I ((^kjy**- 4 ;*Ja£*)) 4llf Oji b^A 
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4 ii( ^ l “ , ^^^ , 0 ^^,1^,5 «■» -■ | 
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Jas^^A 4 ji B b ( 3 *^ AB y B B' (ji^ 

B' ->* O ^ ( a ^V £*b OA y.y) A ^ b 

^ ^ b . jus. 4 ^ b B ^j^y. B a 4 OB' -> ^4^* 

:o-^l aXi c-»f 4 ; vai 

kU. o\ '-AaS )N ^3}** -VI •? 
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^Jai C--1 ikiij kii- t>jU « k»- A *i C^***i 

Jli (J^O 4:>t kd C-A^AjJ JaP*^(4k-S^ C^b4kA» 4 

t o 4kaJ 0^ ->l ?$*» jA ^[aa j J c ^ibii akii^ ai> t^L«l J^ki *C^I 

^ ) C~“>' i,JJpulj k^- Jb>J^> ojib 4> 4kfli ^fki t <-A>4 j 
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c I 3 jl ji IftAiai/ j\ <J I J} AS* lAAkjjj J l.£.la>- jl Aj 

UaLa/ jl^vaw y 61 aS^c-^I ^JUj' UaWjI " jk l£> 
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^«>,AIa j&* IJ (0 0 ^>Ia .-^A^ jl_;9 p»* ^/k» Ij J 0&* 

ij! jJ^AjLI c^l Oj.jIa <jL.a t (j Aj o ij*j^** ^ks J.jJ,J ji o' J-A : * p-J^-Sb isl^j 

C p.*L 4lA>I i p ^ UJ.-4 j J Q ^5”"^»Aj (^Io^jIa jTI tk^k»- 

AaI j>- 1 1<C ^U-iA .^,j j O j* j*^ 1 . CO 0-m.«*i <J I ^k5 jJX.4 
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-J O 3^ j A *i *J! 

OljiJ&JiJ jlA>; ^SxAA J£ J>X7 jA Ijjkl j^-u. a U* jj j ksp&toji 

j j\ (j I iJj Uk I j q <ib j! ^ aS^C****! J* J b ka$ JA O I 

• C**^ k {3i'*‘ J A 


^ i v*A? ^5* 

k>-JA £_k Ia 7 ^k;; 

J k**«» 1 dk jJ £-9 I J 
k^ jl4>- 


jd **—■^ c ilj 
AkS/Ji J**tj k^ 

lw_J J U*<* 

A-i. _>f j 4 >- 


^ l^.J Akk 


^*jA«a jlSb 


Ij I^j’I .AJib \ J ^ jSsi$ ^.ki jd j A ^ ^ +«2> b jh>- Akk' jA Ji I 

A J ka; u Js» a 0'SjA .xA;^ -^y-X Ij 4 ; T j tL 5i ^* 

^J^bojif^ A ^ j. : <' B ^ b v* 5 ^^ ‘•> J - i ^ B ^ 
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pj \y iS * ^SiiU; *>-yt n&y iS [ ^ b s a -? is^aki* B j A 

^k j»J 44ki» j ! ^XA jlSk Aki/^kstpj^Jsj o^j b Ij aW 

•“^k cj“* k>- O I yj* k>- j£> 

A 4.ki* (1 AkS/jA tA-il# ^U-* CO Ajib^f A 4 kjaj.3 a kaiI 

A ^ A^k^A cJ t»* £* U -5 y A Aki; Jl>^ JiJ 

. ouk^ j;/ *>- (Tjij-* a kst fyj^i j a ijis;. 

4kw^ (ijisk o jd A&fjj-b) ijJL-S f g j A AkS; AS"k^y> <_ki 

£*b B^A ts^^ks b j a (J^> 

4.ka; Ji (o O-^) J^-i- Ji .0~-l 

j a t_r-d ^ ; **b co oB J A 
A^ ‘r-yyAj Ariyt^u^k# b 
tAB^ *—'ksji JU**k* co j* B ^ 
p'kib jk; a-b l—d U jl a5" 

a IS' jA t ^A\P j.j . £_k Ul<* 

b-*a <j*U* jj co ike/ jl 
B A A^ ^k>- j l ji Ij 

Ij ^U./ (^U4 \sL&i 

y 3 3 y* aLL’ 

4 kiw ji p k>-^—f o o 

1 j 1$; t^lA^kSj r*V^' 
.5 jj>- ji p k>> ^kii p Ji 

(o « V? JCi) ji ij Aki/ii^j! J*PJi *X'S^ 



^aa; Ij ^L; ^U^kli'j ^j o^bjj ly I jI^Uj^a jl ai^rok; 1 co 

cr^jd o o^Jj* A k* 1 ‘-r^ 5 J-^k ks^-ji jd jl a5 "^ J«?j 
£-kli> ji^l ^Igksj p^^j a^iliAj ^-klijjj jl j\ j XiLcJ,j> oib P olSA* 

03Acj- 4 p iki* ^Aai J^J j&jSi 4 j Ij 

:i $J>. A+£>'^e>- >i J 4*N<23Ji >A^' AXkj A^/ i 


3> C»J V B ; A )5> wki *'T 4 ^*^’ ^k9 

. ^»0 B 3 A )i A$ JJ.«*\ *kai ^ Xj'xS, 1 

(j»V^ v^VftiAia.ai ^j»c»\5 k^i. )\ Oikc- t> 3 i\i ^-^5 Akaij—^ Vs 5*kb 

Ak&A^)A& ti,i\i, AS^kksL^ kb3 Akiij 0^3^ A$^2«i\^-A3i 
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^ ^\5 W. A .^Vi^ A o\>\ AksU 3a v.SV_^ka 

,***) fe^Naji ^WsLi vj3)\ A$o-\ ^w\=.Va3a ^X^ka 

aST^j l^' [+.A a-*A J CO <jpt—A 0_^{ii Oijf fji*« b ^ C—*>1 ^j! A>-^i’^Jj Ij 4Z5b‘ 
liJ ^ 4^* J 4>*J Aj Js^i j ^ *1^23 ^ |f i-\^J Aj ^ t |‘>' A ’* , J J i ^ ^ 

If*J* (Sht* A;£o Oi® •C-mJ’ £^ia 4 4 ;l t£ J^ 1 J* j ijB j^Sn^J JsJ asi- J 

. OJ^I (JJ ji_ ^-Uii A-^ir^A 

Cn.y" 

c**.> l> . cj-v*! o_\J 0.5 li (3 j I ji" I-*.”-* J\^ 4.ka> t£-b _? (3 CO 6jt I a — \ 

QA jlz-Mi S^jli 4 CO 5 j.j I ^ i J^>5-* 0^ A co ^iiiAf o*w y\ ^bs aS^X^S"* 

.c<***» I 

AOB 4^'j^ B-> A Aka/ji ^UajjI jjl^SCt a^ a*:5"c*B* —Y 

. C-^J i jt 1 ji 

n <^d (jl4*l«z>j 4-^0 <_£ 4 ) wL« i ^J>.*J* ^-LS JjXj Ji 4^*JxlS^o-B* —Y' 

pkiUr* ^*1^3 II *^d (_> 4- i 0 J 4*4^ ^--**7^7 Af O j A ^i i*^- 2 -- 4 

.o.~o I <_£ j O j^j A *i J^-- 4 a*j*'** ij^ J'*V aS^X^c** l* —¥ 

ci** c^f>® &yj* -r.? 

t a/jilw 31 B r ‘A f ‘B‘A j 4* ^ (^ M.f) j£* ^ 

^4/jij^ijb ABC dJi. r &i jl^ C Ljljb^a aU; wl;>. 

oTol^»Ji ^1 j ^ks j t-.laa oUi-J^Jj £-^ .? jiJ 

^sa'jA c>k* ^Jiy> ‘ Jo-jij 4 ^IaaIsS/ 
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OA* e r 

QA~^ £t -^ 

,i_0J -IaI j.2- k 0.*i* Vlj O.A«*j‘ J.L> lj e \ L £ \ 4$C/1 

Ji -i/jb jlji O j:> a cpU C ja b 

.C-v-l oXi Oi((*_-> c 9'$’') J* 5 a5s/1>s^a ; wU*5! J O 

Ja>- jy.o U.7 Ai ^z*J.a OJ J5 _p ^v2*j Ji X>jkp 4 j 

4>-U J$ 4S~X.*Slj JI ^L^J^ ^^i-A Ji k| OjtijfjS c£iUs 

»C-^ I o«A<i 1J d& 

jl aS' 4 ] jlS" <ik J^A JZ Jk; j>£> |y fj^A j\aaj\ \ $yy* 1* <iL/l&Oa 

*^ (_5”° j‘ M i A i L*»4 j j { O^yi feT^<5 J* ^A ’ j 5 " - ^ ^ (j? <—> ^ j s x '— 1 j> 4/ 

jj^s.) SjIa**» <ik Ij aJ^IS” 4-jtf X>- JaiJp- ^1 y jl yi ^ aS^I^j'I jl 

QmX^^S' jU~» (jli £.91 3jy <JL**a I tX<Aj^A^a*i aS" j | j**~* <JL> J J'aP jjjl Jy i yJ$ 

iji I J2> .XiU^ya «iij 4 j <iioj/jL«^ jij5"j^»j| £7 Jj>-A$' i ji Ja| y 

! j+j* ... J 4*5"jo jil 

%■**?. j- 1 ®*^ 

a~S Xa$**oj Ij i a—O^ -? O c5 C5^- P ^ 

.( J.5\.i ^ 1^ j\jJia 0P”f-O\P ^**i 

4!) L & K> O n ^O csVs /iS"4.J ^J j) ^j! P ^Ljj/ _ y 

• ^ c-f Ij 01 >Xa* I OP —- o^P j 4^**i o f jJ*i>* (.^ ^ 4 ^ (Ja& bj 

(J Lg.k>-y.J 4»y^ c5^ A ji ^.k^JJ 4.5'*O; U —V' 

.oiasIj 

cS j* j\.3*^ — ( j\.3*^ —Y«? 

cpljb £j I 0 yjy £j A O 4^* A —^ ( Y‘& ) 

4ki--I 43 '^*- 4 4 ^ i ji I Oj I J? ■ '^•~* ^ i,S*' J 

O '*k--* J j0^4.5^ ^ O.J t^.Jj ^iaJ/ jiJjiltj 4 4psiv3 CS^ji Aj 



c .pjijj I C-^-k IJ 4:*sup ^**>jJ$\\>%,a^aAj ^ c—>1 

. pOli^i jl~£ 45*2^4J I j 

^Uki;i^ ^jJjI k>*a+0j} t pjJo (\*^) ^j^ ^^ (jr*?** 

J.jX l4Xi‘ I (j\ji ^2**1 t ^gj LjjUjjjI jl L&\ji .C-^lcSilk S^jli jif J* 0 ^tak* 

43 l^il 1 4=t^^4j IJ c^i ias 1 4 3jfj^lj A>^a^> ^ 1&4,kjj/ 4 a.AJ*> ^ 

4>ci^34i IJ ^g**»Xlsl 4jxiv3p._A C-J l>- fji f Ji .pii Jj 1 C-A-J.J Ij J pjJ^£* 

A>*.&vO j|4iwij <jf Jj AJs ijli i^>*J 4 j 1^4 Uf OjUl* ^Jj Ji <jjl jfU; 

o^ji f jV4>j| jl ^L^aS' ijli *j >"J Ut.olji tili J*ji~S !j J*lsI 

4j jS~ JiJ^Ai^**J La9Ji 45\1 j A>c(UpJi lg.ij4j|j (jVdI^»! ftl$" J.A ,C—**»1 0wX-i4>- j,7 O I 4j 

Ji jJu 9i <U>- jj 4j 1*^/1 j~ p. ; A»ijl ji 4^> la* i Jj*f J 4>ti^ (< £jj o^S"" f J» jl**S o i L* JL**.j 

.p*j Lc**«0 «X£>4liS \f*JJ 

Ji £i j’J& (r*&) ^fJ- 5 °jd^'-k 4 f C*~«J I5v*/I S J If Ji 4$'\j LS (ijjx7 
O 4ki;jl y_ Lx* p <Li;j k ajj O j* j*^i*J> *Jj* 

ol aL^> U J 4X-ilijf jl OP -k^-pi* ji ^ ! J P^ 4k2j (<_Aj J*.) Ai b; $ pj jS JjaJ jilj 

•(*■?* P 4k5; ^J^S.9.1* ij-^^ jijibi IJ Jjk O jl 

OP • OP'=k Y 

-k>" tij>* 1 JO 1 J pjfjf (_£.Uj 4.*> JJ.U>fj -> i J 1 ^* 4>i4^ olS^^A 

(jilji 4 j»£^ : 5Ci jkiji C-^il4kf ^1*^4; O^fj 4>tAvd j**AiOl Jji OA 

6 jt^i • J--^' ^j; -* 0 ^j$**4j|j 6 {j* 1 i 4$^ ^*S\J 4>t^«; pi* ^ J J ^j;- 4 ^.S"i 4i 

Oi ^ ® j^* j I c J,Jj U ^ co 1^*11 SjS"j; A. «iilj (^U^si^ a j?l 

S/ilij O' 4 >ji^ Js U ; o:f (0 4k^fjL p ; /l y^A j^fj! .i J,j>- OA 
ojtpot j&i p A aUaj jj>U a A>xa^>j\ ^\AUis p jf \ jU» jtj^ji (^jiaUr a f 

P AlsbjA jJa/ i ( j~’>'G'ji .( iwidf i y .? ) (X f OjS^L OP 

4ki/ oU&4_S - ’ ijliij^-J a 4>.fl^j! P XIsaJ t O 4^^*"l4f 4 a r OjO! 

A>zi^p c j I j)i^j^k^ ji 45" ijliij?-j pAbOljj .O-^i CX If OP A 

4k2J4iL ^14^ 1^*/1 4>ti^4i OI 4 j c-i 4OiJjMU !j Ct 

.a^t^jlj O ^jj p' *S' ls $j i^ ; ja l^ p ^j 

l_£ .o^l f 4 _j oi ^i-^^jj a r o j ?jAi U/ ^jj^i I 

pij-^CJ' 4 4»fcw* ^gS”iL*4 j t 0^1 ^Is^/ljj ^IdJfJ jiJ** 2 ' 4 /J^ofl 4^/} 4k>-tA^ 
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L ) o^r^iljo^r^A ^Ss*;* cyil^i pAjli ojib^A ^ijt^' *£ 

1^23 JlA—f 'j djjJljb (jil Jik{ f 0^1 OjfjS ijj^A J^S 

■^(jr* a ' %jf j$\ 



j yr$ (5i jl;» ^U-* a a' S jfJ^i L; <^l ^ 

_s Af>JJ./S" ( 1/j A 3^ I ^x o^S"^I I .ij* 0 Ij ^ 3*^^ 

(X kp o^b fcik Ji Ij <x’ 0 J$ SJ^&-i Aiaii y m \j{^ <_£U >zA^>jft> .C-**l OA 

g! %jf jl <U*kp S^ib dkl a 43*2^ jl ki^yfc ^jf^L; :J>lf ^axJsS -k^dk^ IJ 
ojl jkS uik j**3$ Ji £S|j ^lA^ki* Ij (X jUkk’jA 4 i 3** {J* tJ?* A 

P\ J P\ ,<kS/ Jb ij.k^^ (w< < y.f) 4&U»- c a f 

Ci r ^jl 4*JsP o^jli^_A c ^jJ>S-j> (x A>ti*^jI p ^kiij£X r o^j 1 

jl^k/j^S** i c—il^jl« I; jl ^S^k^kp o^{b ^bi^k; 4 )j 
.w\-ilj^ (X A>cis*3 Ij 4.* ; kp o^!i j I <Uk*3 ijj^y, J=*t/» AS’bjb^*- -?^k>- (X 
Ojj»*34j !joT 0 ! ^is£?A> C-A^ Ja^^ik a>/j»lb Ulu*J c^l J 

Af o-1 ft/ 0 ^ j I I 4*.*kp 0 ji 1 i j;k/ oA-fk? Jasi^jkST ^.j jj I A>tA^> 

j^si _, C*j l$w cS^ki; _ Ja^-^jJ^UAki’j) ‘■iljjA .o-^l^jl^ ^ 4=>ti^sljol ^>5jb? 
A^i^jl ii^ . Ji i» Ij j ji y A*JsP o^ibjl Ji 





Uo 



<Y.f JCi) 


^3(j aUa>JJ Ji o Ji j\ £_£I_j 4*.JaP$^i fi C^fijl 3& ^*3 AiaAJt«ti,£ 

JJS s\ijA.$\> t jZ j* j*ji ^ ij ^,£.,0 ^k? iiL j~>JS J5 

. *AI,i L liu* Ja>-<ib 

b ^ iSji A>bAv^ J?Ia< ^ i ii\j'jJb4&' i_$ A *^‘ aJ A '* s & aS”" A^/ | 4j 4 p~ j,' b 

jl i 0~*l oJ>J I Ji *kjw < - L **?~ i ^- jiJ^ ( ^a/ 0^^ 

A>eiv3A^ ijjl j) y^A \*Xki lL*a>- <^1 A— pj+syA <Zj o ^5" u^ _>k;Jib 3 j»l i 

< £jU*zi A >:i^ j! Akaj <iijAj jl Aktfj CJjJJ <jiOi * J* {} iS jtJ'^ 2 * 

Ji*V 

s^Vui ^*>- A£ji> p-O Ji IJ A^Av^Aj oJi-b? (ji^J ^-U* ^k;jl 

jii U*p> jlJ^> (£\%3>3Jj\ 

J • C*-«“ I Ia jLl*!^! 1^./ i j I viij j& Ul i Sji *Aa I jpi/^*5I J ja 

L (Jti-« jl _^*£A-.j A>wjJ$£ t J *} j*^* 4 l-b,«4__j jA ^I.AAj.JIj 

(jl J* ^ ^J$ L f > 3 Jj\ oiU***<lb Jt?** 3$ t£^A &ji 

Lj j**A^ Ja^ C-> I j ®^r j I 

j JL^aU ^ISsjuUr ( ^ c f *6 AwaSj^ ) 




iSji i? m f 


HI 

.ijb 5J>-J Ja^d,l_i^j ^UaJUaj lajtf 'jiSs** ^Li j >,_? ji! 

J l/C-**W U O'** I J*\ J 1 . P b>-<jJ.J_jl J^>* OjW t jZ&J$3 OjbpA* 

J z>- L—I 29 ( p j.S' J£>■ ^&b Jj*j A Js>bb* <S ^2:^5 jUS" <^1 Akib jl £>• 

$ j l J l>o^ IAj Lo J 0 - 0 ! VJji J^{ I CjLji . *-bi l {j* 0**°*Aj t P 

oJl-W 

4.5"” O-i!^ kA.fi> ! jj 1 ^jlj'1^7 Aoib Oi l] IJ Al^kAS"p.*&bl.* a5”Y;9^ 0*AaJ 1^3- 
^YS^Aa j \jf^,V. *• ^ tS ^**£5 jb jjj I :«A/j/ ^ jij*a> ^ja-^ 1 jb* 

^l_j Ij Jj bjjjTjJ *Ajb 14 tw.5b J.aI j>-Jli ^j[&Za "jUfc' Ja/AW jl !j 

. 1.1*3“ Ul *Aa ) j>- 

J^y^ij UajjI j hj b _^ 

b ) e^j ljdljAj a' oj? j\ A A *ljp Ojihj& jLJ***-)}*^ b —Y 

yjdl_, Ji £.51 j aW^j* ASYy.^ a 

. Ju*i b ^ £.b>U’,* 

jilj a f Ij—’? 31 j: z* (Sj—^ j*-** J -> £— : P\ J P\ 

^y Y^LS^^* P T -? P N b ft A^.i^^J l- > U ; ^C£i^Y^ fO- CS"* 

.JP^Af P^ j! ft A>iA^ J3 jl ^ijl aL^JAj AS”* bj IJ 

!j (a* j) *A^ j I y* (jij^i J* 3 -* sJj a 0 ji^cr'^ 4 ts J -^Y**'^" j- j ^ fii U**j b — ^ 

.Ji jjTci-^y jii J»U^« 0 ^-?-j3 ( 




'T 1 ^ b ^ j** 

bj*is^ ^ JL j& 

C.L.Dodgson 

1.1 

3 bcosC BC A ^bj\ jjlj ^U/'j| _t 

c J B SijIApy* ^'T^jr la* ccosB 

p*jl L *_*>. p.Al; ljj!ji.j^ ^\ i o-JU 

3 ^y ~ 3 -^“ fc — >j *> A i b sinC J sinB 4 sin A j>*V» - V 


.04$" 

: ^ibjjj aIsAjj^ 


S(ABC)=—absmC -? smC~—— 
t rR 


;^r oL*j oiI jj/j ^UaL Ij 


c==rpsmB=-^- j b=rqsmC=— 

K R 


m u* > 

'■>" 31 AZ = ZB j CY = YA * BX = XC *-> *?-y t -\ 

,*Ll5"" Ux~* I 



4 -jUft ** J sSJjJj'i 


S\f 


\j ) y# dj*& j XC = bcosC 4 BX —ccosB ij3l o^Uu-IU _y 

• i-\j _/ l^f 

A'B' ^ OA A^ -? CC ; ^ BB f o j* -T 

ofAcs' 8 - 5 A'B'C' J ABC tsU-E* 4 

A'B' B'C' OB' A*B' 

AB ~ BC ~~ OB “ AB 

. 0*^1 A' ^ A^ os^j ^ l-^-fc ol^C 
A P j;jSsj^LSC AXB j CXA —y 

.c^l j**? If j> \ji l^'l 


r.s *+> 

a j’L*^ ct-ii-* o 1 4 JUS>b b>- jua cJi*j| 4j.5l j tiij e lS" jA _^ 

J,i Ij 4>-4> JjiJJ £-1*3 oil« O^J 

, xXf.S' ^A ^5 (j I 

If J ^ Ij A'D Ja>- 6J^J 4*» A .^/ji IJ (v 4 Y* ^ ) J&* — Y 
•c~*l CB' i^JoT/y E J *>ji J^UVi^ji^ A'CDB' BB' 

j j ^sjG* ABC ^E» ^Ua/U-* Ij DAA' c-ii-* 

:} 

S(ABC) S(CAA') CA Y 
S(DAA') S(EAA') ~ EA ~ r 

-> BG oj^ t L cc ; * BB' ji 1 y. ^jj>-j’^ s G —r 

^*51.*.] i^j u«i* GBC j{ CC' -J BB '-r*;^ j* CG 

^jU c-JUo.> C'CB i B'BC .o/j-i^U B'BC -> C'CB *jGj> 

ACB i ABC *iiG ^ j p* k o* *i->G-> 

U j> \j> o>-Lv/« 4 JjJi»lf \ J j\ Qp 3 Bp j£\ ¥ 

• b=c ji!jfGj c.CF j b’BE dlij* 

:(*ob (o c r*\) J^-5> If —6 

BL _ c 
LC b J '" 

JO-ilj j» ; * 1 j>- (Y»\ Y oij *^) ^J^i Aa^sI l; — 9 1 



a(p'+|a')-T” ,b ' +C ' ) 


j*- j ujjti j 


;«.j .^b 4.^1 i 1 At As^j^j b Aij+t ji£t \j 4wsi —V 


m=kc 3 n —kb 3 k 


b+c 


: Q-'b —A 


t JUS^j (j CF (^>4 M) J (oJJ * V*0 ->* 

:c-ib J-»l j>-j njt *;U:< FCA J BCJ 

BC • CA=CJ • FC i ab = rRh c 


f.\ *+ 


ijM.jljjc—l z ■> y J x »j<b <u. tsljpUi (cj)l i y. \)JS : li*; ■try 
y+z=a J z+x = b J x+y=c 
x+y+z—s j ... 

.jUj-ijlSC; o oiji r yij^v (r^.i) 

:a£' j At Ap *b <A> j I J I 

AY=AZ = x 3 BZ = BX = y 3 CX = CY = z 

.Oo p*jt C-Ji1* (^UAjjijjl ^UjL^J -f 

.yjjb 

S(ABC)-S(I a CA) + S(IaAB)-S(I a CBJ 

= — (b+c —a)r a =(s—a)r a 

r 

f 4 rci/*!^j 4 /*iUu-t AIY -> AI a Y a 


r a s 
r s —a 




JL + _L + JL=1=5 + ^ = > 

r a r b r c s s s 




4 *JU& £*>■ UiJ b j oj>o t jl> 


IV 


:A&j ( Aj 4 p-jj l> — ^ 

BCM==fA°==CMB -> CBN=\X°^mC 

BM—BC—CN a:**:; 

CN aAj £jUi jl>- fja ®jibj2f ^ I a A^O-ib *L*f A>» y 

.c—1 BM ^ ^ JsMjjaj 

j! ^J»-b (^«$.\) w5jl (YM‘&D) (* j _y 

M' -b BM 4 A^ BCN b ASbbT^* yA^I o$>- Jj} 

c~*j> BM > BM' iSji D* l; ^ c—I £*b M j B ji M' 
ji^i M -> B M' *Ai4 B a»jI 3 BM t/b Ul . j-aU^ 

•o~>*b o-ja JU-y* ja uly^’ b BM > BM' *J> u? 

BM — CN i£jf I "~Y 

“[’-(^)']“* b [’ - (4b)'] 

a(a+b+c)[(a+b+c)(a x +bc) + Yabc](b —c) = o 

M u-j 

A*jl3 li B Aijlj A_S" iA>0' J 0-1 BCEF jl$>- — \ 

••• 2 AEF 

^x-jU-^UiLwwJ <jjj U( EDF A;ji3 ^l^-bib**; (jjj jt-fcjlj H Aki/ —y 

.o*b -Ul^jly DFE j FED cS^jlj 

.-LlS^Aia>-^U Ij Oij*> — Y' 

•*pd->b -Y 

HAC = V 0 -C j OAC=*o°~B 


v.1 

r^jla (uJ!^.^) j£* A, A^y l; —Y 


OA'^R'- 





9 (j A t *>•** 4j AA'— Tn J AG—Yn pdjG GA ,= =n j* 4 <j~>s.*A 

y.\ j& jl 

rn= J_K rb' t +rc''—a x 

- QoJj I n i j*d OA A l «i-'G (Jj G*d G l ~ J J 1 I ^;s<25 I 

rn(OG' r +Tn'')==rnOA' r +nOA' t =n( rR' t _-La v +R' ( ) 

OA r = (rOG) x = ,rx—^- a x — \ An x =aR' ! —(a' r 4-b x +c' ( ) 
tsjj *ly *> *»• _* j " uj b c t/*j* I? —r 
Ia" -' BD‘=AA'" - DA 7 " 

c x_(A_DA r y = (K±^_^)_ D A rr 


Y 

$uljjkjl f J*> AD ^ BC 4 jGlJa** olSA* — V 5 

An 

jib c->jj+0 ^ I j OA f ^ AD ^sAi***! ^ Oj^ \ .0A' = — — <j*i 4 £& ij* 

r 

A D = bsin C = Y R sin Esin C 
0 A' — R cos A=R (sin B sw C — cos B cos C) 

" A A wW 

oT[_j C^( j)lj* AK 4 (_s : *i AH OA'-^ 

A'K oT jl^jd -? OA ^d EF < ^ f*\ ^ 4>.;T^>4 —Y 

•xS*^a ^Jai l$;t \j gp 0U5 '3 EF j*J A f K J& j'G— •*^»\ 

.c—l IJ b I c a. b pUjl ABC o-G -r 
< O a G PAB j PCA J PBC ^UoyJj 

.c^i tsjji POaCO b ^ PO b AOc ls 4;*G> ->4r 3* -r-^V Oc -> O b 

plJtG . AC^OcOa -* '■^G- O b AC J PObOa <-£4^* U~i 

Xjs'ji r*ii OaObOc^ABC <sU&* ai's.^ -CB=O b O c J BA=OaO b 




c,> J 


HA 


BC 4 ^ O b O c j> AP (j? ji^jl C ^ is a ^' A <Jp A a v .{li> <s ^4 P 3 

3 xal^ ABC iS 4*P ;J ' CP 3 BP ‘ AP ^ri • * 3 +* (^jC- 4 

•c-^i ^ff'X&'i j\ jS" J-J j L*a p 

£-P«s>P Sjjli (jil .c-^f 4,kL' 4j‘ KA' 3 Sj*G' BC ji DK — & 

:J ^ ^g*. 3 Pj13 4j gC 

DKA 1r =■ HKN ■= HAO = | B - C | 

• (A*^"4p»-^>U U \ *AIi Y j«w) 

^■1 

BDP *i»P 4 d.S^<_£ I At S 4j P) a\sA) tjij QP ls>- _ \ 

A>c+~> PCQ 3 DCB <S ^P- 4 *\ J f .‘AJA I 

DB DC _ , DP 

PQ PC + PC 

I ♦pA”*cs 1 * DB = PB = DP y. D C? 

\ \ \ 

'pq"“Tb _ “" pc 

**£> (PAD j PCB j>\ji 3i) ** PC=PD -T 

ji <iPCPD PjC oj^j <jiij^ PD <C CD p^cs* <_AA 

:o-ib pAl^j o*«l^f Jji ^o° jl A>t ; irjiJ PDC j PCD AjC 

DPA < V&° i AD < PD < CD 

jP oCa Pd A‘ > CD ^j- 4 (j^A oj*^ l ,C-*^I 4P«* 4$"* 

. c*-*( (ABCD Oiji £■;^ ) 4p*~* ^AA 4_S" AD ^> CD ^ ^Ij 3 ’" 

•PD-CD u*C^ 

4 i J* J i O D J jP>* $ J&“ 3 jil (_gl 

-iS3 P*~* BPQ ^P- 0 4.S 3 APB '-PP'* P jP ji D BQC ^P 4 

: 4^;jij BP ia^jji c—i ij^ BP jf *£ CQ ^ 

•CP=CB—CD 

:p.o!i 1 j jjj ^UaL/I j J5C Aj a^j) U —Y 





J*> J> J JL UJJ& I J 


m 

sm(S-f-e) sin[8-\-e)sina _ CD ^ PC _ CD _ AB 

siny sinOLsiny PC BC BC AD 

AB # PA _ sin(y+e)sin(a-{-^} _ smfy+e) 

PA AD sm(a+/3)sm8 smS 

sinysin(y-\-e)—sin8sin(8-\-£) 
cose — co$[vy-\-e) = cose — coslld-j-E) 
y-8 

F AB 4 ^ BC D —f 

BCG ^ G BD k f^-^D CF 

l ji b -BE = BC CBE «BG—BC i c~A 

0^^ dJ i(_£ J lw*I^ BGE 

BGE=A°* -j FGE-^0 0 

j o—l FEG -rfC* J~ EFG 4 “d-?D o_*>- j 

r *l f FDE/GDE ^ < DF = DG ^ 0 ^* -FE = EG 
.C^l ro° ^1;; EDB FDG DE -> 

-?AD _/J »lj»U AC „/ki *i ®E J D 
^jlj* AC 4 DE «* *a»jj! jj |*.la^ EC -? DE 

ijftj* Q j P DE jMa.1 4 l? *1^1 D BC > AB .c*-l 

j! PQ £-U o-i .4/^ \j* pjilfj {OUYltfjU^ QCE j PAD tS^E* 
a —^**>?* i^*Tjlj aJ-i (J^^iji 1 ^ ** BPQ wt-li* 

.od O'j> I j{ $A' A*- A/ j; J ’ AC 

i.r 

.CL*—I Oji.bjf'j* jl jJaj aUS/j —R r Alai* 0^5 JI Cf-jr^* ~~ \ 
mL *0Jy* Ojjli t jS'y» p* C^d 

.:p»*o ojjlijf aLS/jI j! aS"^ U* lj c-d^ l^» t —V 

■pT^-PU r ='ou ,r -OT' r = OQ r — 01^= QT r 

.*j*ol: _£ 



c> Lajl) j 


Too 


R(R — Yr)=R' ! — YrR = d' < > ° J R >° => R —rr > o 

:L c—I j> \jiJai sj j* o ji —f 

d'f-R^-rrR 

Jtj X csW- *; lj A j A tsL l-> P (v ‘ Y-\) j£i Ja 

• C—^ p*Ai 

BC ( PAVBA * AC) = Ptf • BA+PB X • AC 
BC (PA T 4-CA • AB )+PB X • CA+Pcf • AB=° 


BU=UV=VC v Uwl Ij V 3 U l**U BC ^ -A 

c-*l t,$jiAC k GV ‘ AB 4 GU 


gx ( -=L- + - JU- + 

v GX GY 



VX + UX 
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